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CHAPTER 


1 


SEQUENCE 
Sequence : A map f: NR where N is set of 


natural number and R is the set of real numbers is 
called sequence in R. The number or elements 


f(1), F(2),..., f(r) .. 


The elements of sequence is denoted by 


. are said to form a sequence. 


ay, 99,... 
It is denoted by {a,} or< a,>. 
where a, = n* term of sequence. 


Example 1: (i)<a,>=<n>=<1,2,3,...> 


(ii) < on> = (2)= (1, a) 


are examples of sequence. 
Convergence of Sequence : A sequence < a,,> is 
said to be converges to limit | if V e> 0, 4 positive 
integer N such that 

la, -I|<g Vn2N 


In this case, we write lim a, =! 


n—- © il 


(i) If lim a, = Finite 


n- ° 
2. 
Then sequence (Qn) is convergent. 
ii li =+ co — oo 
(ii) . Un an or 3. 
Then < a, > is divergent. 
If <a,> is neither convergent nor divergent 
then it is called oscillatory sequence. 5 
Example 2: lim Z = 0= Finite 
noon 
6. 
=>  <1/n> is convergent. 
1_. 
Example 3: Sequence < 1+ —> is converges to 1 7 
n . 


because 


Mipass 2. 


Unit-| 


Sequence 


n—- co n noon 


lim (1+2}-14 lim 21 30=7=Fidite 


Observations 
1. 


A sequence < a,,> cannot converges to more 
than one limit i.e. limit of sequence is unique. 


If< a, > and< b, > are two sequence such that 


lim a,=!, lim b,=m 
n- co n> ce 
Then (i) <a,+b,> is convergent and 


lim (a,+b,)= lim a,+ lim b,=!+m 
n—- co n- © n—- co 


(ii) < ayb, > is convergent and 


lim a,b, = ( lim on} ( lim by] 
n—- co n—- °o n- co 


Some Important Limit 


lim a 
noon 

1 
lim nv =1 
n> co 


line Oat oSO 


n> oo pP 


lim x"=0Oif|x|<1 
n> co 


lim (Jn+1 —Vn)=0 


n—- ce 


logn -0 


n>o n 
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n 
8. lim (1+2] =e 


n—-> co n 


BOUNDED SEQUENCE 
Bounded Above : 


bounded above if there exists a real number k such 
that 


A sequence (a,) is said to be 


an<k, VneN 
Here, k is called upper bound of (a,). 
Note: If sequence (a,) is bounded above there will be 
infinitely many upper bound of (a). 
Least Upper Bound (l.u.b) : The smallest member 
of all upper bound of sequence (ay) is called least 
upper bound (l.u.b) or supremum. 


Example 4: The sequence (2) is bounded above 
n 


because 


2 23. VneN 
n 


and Lub. (a,)=1 

Example 5: The sequence (n) is not bounded 
above. 
Bounded Below : A sequence (a,) is said to be 
bounded below if there exist a real number such that 

a,2u, VneN 

Here, L is called lower bound or (a,). 
Note : If sequence (a,) is bounded below, there will 
be infinitely many lower bound of (a,) but not 
bounded below. 


Every convergent sequence is bounded sequence but 
converse is not true i.e. bounded sequence need not 
be convergent. 


MONOTONIC SEQUENCE 


Definition : A sequence (a,,) is said to be monotonic 


increasing (or non-decreasing) if 

An+124,, Vn 
A sequence (ap) is said to be monotonic decreasing 
(or non-increasing) if 


Gn+1Sa,, Vn 


If dn41> 4, Vn = (a,) is strictly increasing. 


If dn41< ay, Vn = (a,) is strictly decreasing. 
Monotonic Sequence: A sequence (ay) is said to 
be monotonic sequence if it is either monotonic 
increasing sequence or monotonic decreasing 
sequence. 

Example 6: (n) = (1, 2, 3, ..., ) is monotonic 
increasing. 


Example 7: (2) = ( > > =) is monotonic 


increasing. 


Example 8: Show that sequence (a,), where 


+1... : 
a= . is strictly decreasing. 


GREATEST LOWER BOUND 
The largest member of all lower bound of sequence 
(a,) is called greatest lower bound (g.l-b.) of (a,) or 
infimum. 

Example 9: The sequence (a,) = (n) = (1, 2, 3,...) is 
bounded below, because 
a,21,VneN 

g.l.b. (a,)=1 
Bounded Sequence: A sequence (a,) is said to be 


and 


bounded sequence if (da) is bounded above as well as 
bounded below i.e. dreal number k, and kg such that 
kySa,sko; VneN 

or A sequence (ap) is said to be bounded sequence if 4 

k > Osuch that 
la,|<k, Vn 
Bounded sequence = Bounded above + Bounded 
below 


Example 10 : The sequence (2) is bounded 
n 


sequence because 0< Z <1,Vn. 


n 
(FP .2 
Example 11: The sequence <a,>=< > is 
n 
car 
bounded because | a,| 7 <1,Vn. 


e | 


Sequence a 
ea 


Example 12: The sequence < a,>=<n> is not 


bounded sequence because it is not bounded above 

Results 

1. A monotonic increasing sequence which is 
bounded above is convergent. 

2. A monotonic decreasing sequence which is 
bounded below is convergent. 


3. | Abounded monotonic sequence is convergent. 


CAUCHY SEQUENCE 


A sequence (a,) is said to be cauchy sequence if for 
any €> 0, there exist positive integer mg such that 


|an-am|<e, Vn,m=mo 
or equivalently 
|Qn41-an|<e,V¥n=m. 


where p is positive integer > 1. 


1 
Example 13 : Show that sequence (2) is cauchy 
n 


_{1 1 m-n 
| a, Om | 
nm mn 
n-m n-m_ 1 eee 
mn mn minom 


| a, — Am, ee 
m 
Taking my > + or 2 < € 
eon 


| a, — dy |<e,Vn,m=mpo 
> (4p) is cauchy sequence. 
Remark : If (a,) and (b,,) are cauchy sequence, then 
ay 


(dy + by) (dy by) and (2) (b, # 0) are also cauchy 


n 


sequence. 

Results 

1. Every convergent sequence is a cauchy 
sequence. 

2. A sequence < a, > is convergent © it is cauchy 
sequence. 

3. Every cauchy sequence is bounded but 


converse is not true. 


Solved Examples 


sequence. 
For n>m 
Example 1: lim ells i 
n>o 5n+7 
3 
a) 3 b) = 
(a) (b) - 
5 
c) — d) 0 
(c) - (d) 
Solution (b) lim 2"+° 
n> 5n+7 
an(1+ 2) 
= lim 3n 


Example 2: Which of the following is convergent 


(a) (n) (b) (n?) 


(c) (n°) (d) (5) 


Solution: (d) lim n=~0 > (n) is not convergent 
n—- 


sequence? 


2: Seg > (7?) is not convergent 


lim nso => (n°) is not convergent 
n° 
: 1 ia 
and lim — = 0= Finite 
n> 


> (3) is convergent. 
ne 
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Example 3: Ifa, = , then 
n 
(a) lim ag, =1 (b) lim ay, =-1 
noo n-o 


(c) lim i 0 (d) lim ag, =< 
n—- oo n—- oo 
n 
Solution: (c) a, = ie 
n 
(-1)7" 1 an 
a5, = = -1 1 
ae ae [ (-1) ] 
lim ag, = lim +26 
n—> co n> 2n 


Example 4: The sequence (log *) is 
n 
(a) convergent (b) diverges to + 


(c) diverges to — oo (d) none of these 


Solution: (c) a, = log iu 


lim a, = lim log— 
n—> co n> n 
= log 0=-— 00 


= (a,) diverges to — o 
1 1 1 
+ 


Example 5: Ifa, = 
7 " n+1 n+2 2n 


. Then 


+ 
+ 


(a) (ay) is bounded above 
(b) (ay) is not bounded above 
(c) (ay) is neither bounded above nor bounded 


below 
(d) (ay) is not bounded 


1 1 1 
+ +t 


Solution: (a) a, = 
n+1 n+2 2n 
ohn g oe 
non n 
ape een | 
n 
a, <1, Vn 


Example 6: Which of the following is cauchy 


sequence? 
(a) (n) (b) (n?) 
n+1 
(a ( : 
lim 


oo 
Jim (1 é *) = 


Solution: 
is convergent and hence cauchy 


iene tm be 
n><0 n 
Ge 
=> 
n 


sequence. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 
Direction : Each of the following questions has four 
alternative answers. One of them is correct. Choose 
the correct answer. 
le A sequence is a map whose domain is 

(a) set of natural numbers 

(b) set of rational numbers 
(c) set of integers 
( 


d) set of real numbers 
2. The range of sequence ((-0") is 


(a) {1} 
(c) L-l (d) 


3: Which of following is not convergent? 


n+1 
bm 
a an+ b 
cn+d 


ws (as 
a ( 


4. Which of the following is bounded sequence? 


(a) (sin n) 


«(a 


(B) (nr) 


af 


5. Which of the following is not bounded sequence? 


(a) (cos n) 


(c) (n?) 


Sequence ia 
a 


10. 


11. 


12. 


13. 


14. 


The greatest lower bound of sequence () is 


n 
(a) 0 (b) 1 
(c) © (d) not exist 
lim 3n? + 5n+1,. equal to 
n> 5n* + 6n+ 2 
5 3 
(a) 5 (b) : 
(c) 0 (d) does not exist 
The supremum of sequence (sin n) is 
(a) 0 (b) 1 
(c) 2 (d) not exist 


1 
lim n” is equal to 


(a) 0 (b) 1 
(c) (d) - 


The sequence (*) is 
n 


(a) unbounded and convergent 
(b) bounded and convergent 
(c) bounded and divergent 

(d) divergent 

The sequence (0) is 


(a) convergent 
(b) divergent 
(c) bounded 

(d) not bounded 


The sequence (Qn), where a, = — n? is 


a) bounded below 
b) bounded above 
) bounded 


d) none of these 


( 
( 
(c 
( 
The sequence (n) is bounded below by 

(a) 1 (b) 2 

(c) 3 (d) 4 

Every bounded monotonically increasing sequence 
is 

(a) convergent (b) divergent 


(c) oscillatory (d) none of these 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


A sequence which is neither convergent nor 
divergent is called 
(a) bounded 


(c) null sequence 


(b) oscillatory 

(d) monotonic 

The sequence (ay) with property a, , 1 2 a, Vnis 
(a) monotonic increasing 

(b 
(c 
( 


) monotonic decreasing 
) strictly decreasing 


d) convergent 


The sequence n _\is 
n+1 


(a) increasing 
(c) not bounded 


(b) decreasing 


(d) none of these 


Which of the following is convergent? 
(b) € + *) 
n 


(d) All of these 


Which of the following sequence is divergent? 


aff) wi 


(c) (log n) (d) All of these 
lim (3" + 5”) is equal to 

n—- oo 

(a) 3 (b) 5 

(c) 8 (d) 

lim (5" — 7") is equal to 

n—- co 

(a) 0 (b) 0 

(c) — (d) not defined 


Which of the following is not true? 

(a) Convergent sequence have unique limit 

(b) Convergent sequence is bounded 

(c) Bounded sequence is always convergent 

(d) Bounded monotonic sequence is convergent 
If the sequence (ay) is convergent to a real number I, 
then (a,,) is 

(a) unbounded sequence 

(b 
(c 
( 


) bounded sequence 
) not cauchy sequence 


d) none of these 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31: 


If|r|<1,then lim r” is equal to 
n=>-90 


(a) 0 (b) 1 
(c) + © (d) — °° 


Ifr>1then lim ris 
n—- oc 


(c) + 2% (d) — 


Ifp>Othen lim “ss 


n- 
(a) 1 (b) O 
(c) © (d) does not exist 
lim login. equal to 
n>0 Nn 
(a) O (b) 1 
(c) © (d) not exist 
lim S27 is equal to 
noo n 
(a) © (b) 0 
(c) 1 (d) does not exist 


The sequence (c0s *) is 
n 
(a) convergent (b) divergent 


(c) oscillatory (d) none of these 


The infimum and supremum of sequence di ) 
n+ 


are respectively 


1 1 
1= b) = 
Pes oe 


(c) 11 (d) 
Which of the following is not correct? 


(a) Convergent sequence is cauchy sequence. 


(b) Sequence (dn) is convergent = it is cauchy 


sequence. 
(c) Cauchy sequence is bounded. 


(d) Bounded sequence is cauchy sequence. 


32. 


33. 


34. 


35. 


37. 


38. 


39. 


1 


yal then 


Let (a,,) be sequence, where a, = 2 — 


(a 
(b 


(an) is divergent 

(a,) is monotonic decreasing and bounded 
below 

(c) (ay) > 2 

(d) (Qn) is not bounded above 


) 
) 


The sequence () is 
n 


a) monotonic decreasing and bounded 


) 
b) monotonic increasing and bounded above 
c) monotonic increasing and bounded below 


( 
( 
( 
(d) monotonic decreasing and not bounded 


Ifa, 2 Oand lim a, =!,then which of the following 


n> © 
is correct? 

(a) 120 (b) 1< 0 
() f=1 iahise 


If lim a, exist, then it has 
n=} 0 


(b) two value 


(d) none of these 


(a) one value 


(c) three value 
Which of following is convergent sequence? 


(a) (log n) (b) (? + n) 


(c) (n? se One 2) (d) a 5 


y) n 
lim (1 + 2) is equal to 


n> n 
(a) e (b) €? 

(c) 0 (d) not exist 
lim (,/n+ 1—-Jn) is equal to 

(a) © (b) - 

(c) 0 (d) not exist 


1 al . 
The sequence 41, 2, —, 3, =,.... bis 
. | a 2.3 i 


a) bounded above 
b) bounded below 
) bounded 


d) none of these 


Cc 


pe, ee gee 


Sequence = 


40. 


41. 


42. 


43. 


44. 


45. 


A map f : N= Ris called 46. 


(a) series (b) sequence 


(c) null sequence (d) none of these 


The sequence (r?) is 


(a) bounded above but not below A7. 


(b) bounded below but not above 
(c) bounded above 


(d) neither bounded above nor bounded below 


A sequence (a,,) is bounded if there is positive 
number k such that 


(a) |a,|>k (b) | a, |=k 
(c) |a, |<k (d) none of these 48. 
Which of the following is not bounded sequence? 
(a) (sin n) (b) (cos n) 

(-1)" n 
Cc d) (3 
(c) | . (d) (3”) 

n 
lim ee equal to 
n>o n 
(a) 0 (b) 1 
49. 

(c) (d) =< : 


n- co n 
(a) e (b) e! 
(c) © (d) 0 


Cauchy sequence of real numbers is 
(a) convergent 

(b) 

(c) neither convergent nor divergent 
(d) 


Statement (A) : Every convergent sequence is 
bounded 


divergent 


none of these 


Statement (B) : Every bounded sequence is 
convergent. 

(a) Statement A is true, Statement B is false 

(b) 

(c) Statement A and Statement B both true 
(d) 


Statement (A) : Every convergent sequence is 


Statement B is true, Statement A is false 


Statement A and Statement B both are false 


cauchy sequence. 


Statement (B) 
bounded. 


: Every cauchy sequence is 


(a) Statement A is true, Statement B is false 
(b) Statement B is true, Statement A is false 
(c) Statement A and Statement B both true 


(d) Statement A and Statement B both false 
Statement (A) : Sequence (n) is convergent. 
Statement (B) : Sequence (dy) is bounded. 


(a) ASB 
(c) ASB 


(b) B=>A 


(d) none of these 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


(a) 7, | (@) eb | (@)) 4. (a) eb | (el 6. 
(@) | ae | () | ae | fe) | ah T @) | ae |] 9) | 2G. 
(ch) | 22, | () | 22% | od) | 2b | (@) | 22h | (@) | 2S, 
(eh) | cP 1 (@) | ce |e) | cet | (@) | cee | fe) | Ste. 
(b) 42. (c) 43. (d) 44 (a) 45. (b) 46. 


fay (ee7an iby eee aye liege tbh boa 1 tb) 
(ayo P74) (aden ase) tayo doe ica 204 ich 
(b) || 27, (a): || 28. |b) || 29) || "e) 30. | tb) 
(d) 37. (b) 38 (c) 39. (b) 40. (b) 
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HINTS AND SOLUTIONS 


2. (ce) (an) ={(-"} = (-L 1-1 4...) 20. (d) lim (3°+5")= lim 3"+ lim 5” 
n° n—- co n—- co 
*. Range of sequence 21. (d) lim (5"—7") = 00 — 00 
R= (1,0 “<= 
3. (d) lim i ae = not defined 
n—- oo « 
29. (b) lim S02” -( lim 2)( lim sin n| 
> (7?) is not convergent ome eu any ee foe 
= 0x (lies between —1 and 1) 
4. (a) |sinx|<1 = (sin n) is bounded. 5 
_ 3n?+5n+1 7 
7. (b). lim =_—" 
n> Bn? + 6n+ 2 32; (c) as 
2 5 1 
3n (2+ 3+] “lim a, = lim eS 
= lim n__3n n> © n—- © gn-1 
ties Sn? 1 + o 2 1 
5n 5? =2- lim 
n> co gn-1 
5 1 
1+=+ — ~9_0= 
aes lim ( n | =2-0=2 
Shee, Os 2. 38. (c) lim (fn+ 1 - Vn) 
5n 5 n> 
_3 = ihe (n+ 1- Vn) (Jn+1+ Vn) 
5 n> ~ ({n+1+ Vn) 
8. (b) Since, -1< sinn2>1 = lim 2 +tl-n _ lim ik 
Dae es noe Jn¢l+Vn nox J/n+1+Vn 
11. (c) a, =(-1)" -lio 
“ [a,]=|(-)"|=1 O00 


=> (a,) is bounded 


CHAPTER 


2 


SERIES 

Let uy, ug, ..., U, be sequence of real numbers, then 

the sum uy+ug+...U,+...= ), uy is called a 
n=1 

series. 


Finite Series 


If series terminates after certain number of terms i.e. 
terms are finite. The series is said to be finite series. 


For Example: 1+ 2+...+n isa finite series. 


Infinite Series 


If the terms of series is not finite, then series is said to 
be an infinite series. 


Alternating Series 


A series uj — ug + U3... is called an alternating series 
ifu,> 0, Vn. 


SEQUENTIAL OF PARTIAL SUM OF SERIES 


Letuy+ug +...+u,+...° be an infinite series. If S,, 
denotes the sum of first n terms of the series. 


S, = Uy +Ug +...+Up, 


Then < S,,> is called the sequence of nth partial sum 
of series. 


For Example : Consider the series. 
1424+3+...4n 
Then, the sum of first n terms of series is 


S,=14+2+3+...4n 


_n(n+1) 
~  @g 


Unit-| 


Infinite Series 


The sequence of nth partial sum of series is < S,> 


where S,, = oierd 
= 2 
NATURE OF SERIES 


Convergent Series 
An infinite series }’u,, is said to be converges if the 


sequence (S,,) of its partial sum converges. 


i.e. lim S,, = Finite 


n—- co 


Hence, Zu, is convergent = lim S, = Finite 
n—- °c 


Note: If lim S,=S 
h-> 
Then S is said to be sum of series Lu,,. 
Divergent Series 
An infinte series Xu, is said to be diverges if the 


sequence (S,,) of its partial sum diverges 
n 


ie. lim S,=+¢¢ or — oo 


n- ©0 


Hence, Xu, is diverges = lim S, 
n-> ce 


= co OY —co 
Oscillatory Series 


An infinite series ¥* u, is said to be oscillatory series if 
the sequence (S,,) of its partial sum oscillates. 


ie. lim S, # finite oscillates limit or + 0, — 


n- °c 
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Solved Examples 


Example 1: Which of the following is not true? 


2 (2) ge. 
(a) 1+—+]—] +...4+]= +... is 
3 3 3 
convergent. 
(b) 1+1+1+...41+.... is divergent. 


(c) 1-1+1-1+1-1+...is oscillated. 
(d) Both (a) and (b) are true. 


Solution: (a) The series 
2 n-1 
1+2+(2} ++ (3) + isin GP. 
3 3 3 
2 n-1 
S,-1+2+(=) + @ 
3 3 
2 n 
aay 
a m 
t= 3 
3 
n 
lim S, = lim {3-3(2) | 
n> co n- co 3 
[ J 
n 
=3 : im (2) -0| 
n> 0l3 
= Finite 


. Sequence (Sn) is convergent. 
=> The given series is convergent. 
(b) S, =1+14+1+...+ nterms 
=n 


lim S,= lim n=c 
n-> n-> co 


= (S,) is divergent. 
. The given series is divergent. 
(c) S§, =1-1+1-1...ton terms 
_ i. nis even 


1; nis odd 


lim §S, = Oor 1 according as n is even or 
n-> co 


odd. 
. (S,) oscillates finitely. 


Hence given series oscillates finitely. 


Thus (a), (b), (c) are correct. 


Therefore, (d) is incorrect answer. 


CONVERGENCE OF GEOMETRIC SERIES 


The geometric series 
bY raltrtr?+...tr't...cois 
r=1 

Convergent if -l<r<1 


Divergent if r>1 


Oscillates finitely ifr =— 1 


PwWNnN 


Oscillates infinitely ifr<-1 


Example 2: Which of the following is not true? 


n n 
(a) The series1+ 5 +(3] +.+(5) +... c0 is 
2 2 2 


convergent. 
(b) The series1+ 2+ 27+ ...4 2" +... ois 
divergent. 
(c) 1-1+1-1+...+(-1)" +... oscillates finitely. 


(d) All of above are not true. 


IMPORTANT FACTS 

1. | The convergence or divergence of a series is not 
effected by adding or omitting a finite number 
of terms. 

2. The nature of an infinite series remains 


unaltered if each of its terms is multiplied by a 
fixed number. 

3. If the infinite series Yu, and Yu, are 
convergent, then y (u, + Uy), ¥ (u,, — v,,) and 
Xu, Uy are also convergent. 

4. The series of positive terms is either convergent 
or divergent i.e. not oscillatory. 

A necessary condition for convergence: 

(Zeroth test or nth term test) 


A necessary condition for a series Xu,, to converges is 
that 


Infinite Series 


7 n 
lim u,=0 ~ = :)s divergent. 


mes (1+ n) 


The converge of theorem is not true. i.e. if Hones: 1a) aoliends comectapton: 


lim u,, = 0, the series is not necessary convergent. 


les HYPER HARMONIC OR p-SERIES TEST 
IMPORTANT FACTS The infinite series 
1. If lim u,=0, the series > u, May or may not ee 1 + 1 +...is 
N=} co om ine \ op 3P 
converge. 
2. If lim u, # 0,series Su, is not convergent i.e. Sererdenny Pied 


n> se 2: Divergent if p< 1 

series is divergent. 

Example 4: Which of the following is true? 
1 1 1 


avi te Se are gaa ee eooreraent 


(b) 1+ = + + a4 ... is convergent. 
2 3 4 


Example 3: Which of the following is divergent? 


(a) > cos © (b) Y 


(d) All of these 
1 1 1 
(c) 1+ ae ae a convergent. 
r 1 2 2 4 
Solution: (a) u, = cos — 1 1 1 
‘ (d) — + — + —+...is divergent if p>1. 
: ; 1 12 QP-—s3P 
lim u, = lim cos — 
n> © n> n = 1 
Solution: (a) The given series is La — 
1/3 
=cos0=1#0 = 
> (c0s *) is divergent. 2 p= ; <1 = The series is divergent. 
n 
+1 1 iss 
(b) u, =" =l+ 5 (b) In the series1 +4424... 5 + 
n n 2 3 capil 
lim up = lim (1+ 2)=1+ 0-140 5 
n> oo n> oo n p= 
1 .. The series is divergent. 
=> <1+ —> is divergent. 
n F 1 1 sa 
(c) In the series 1+ —+ 2+...= x 
An ge 32 one 
(c) uy = ; n= 
(1+ n) pe 
lim u, = lim n” . The series is convergent. 
n- °c n- °% (1 + n)” 1 1 1 
(d) The series — + — + —+ ...is convergent if 
n IP QP BP 
= lim = ‘ 
(ted) ‘a 
n Hence, option (c) is true. 
= lim : =_—#0 


COMPARISON TEST 


a a 
+ 
n Let Xu,, and Xu,, be two series of positive terms such 
that 
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lim 4” = Finite (¥ 0) 
noo UD 


Then Yu, and }\v, converges or diverges 
simultaneously. 

Working Rule For Using Comparison Test 

Step (I) Findu,,, nth term of the given series. 

Step (II) Consider an auxiliary series > whose 
nth term is 


Term containing highest power of n 
__ in the number of u,, 


Term containing highest power of n 
in the denominator of u,, 


Step (III) Find lim 42 


n> co Uy 


Step (IV) If the limit is finite and non-zero then by 
comparison test, > ay and par will converge or 
diverge simultaneously. 


Step (V) Find the nature of >a with the help of 
3 i 
np 


Example 5: Which of the following is false? 


(a) The series Ls + lL + i +...is 
1-3 2-5 3-7 
convergent. 
2 3 
(b) The series 1 + Ee + = + = +... is 
2 3 4 
divergent. 


(c) The series whose nth term is {n? +1-n 
is divergent. 


(d) The series whose nth term is sin be is 


n 
convergent. 
Solution: (a) The given series is 
ee => 1 
1:3 2:5 3-7 n(2n + 1) 
_ 1 
n(2n + 1) 


1 
Take = —— 
n nz 


Then lim “n= jim e 
n>eu, n> n(2n+ I) 
ne 
= lim 
A> yA (2 + =| 
n 
De gos 
= : = finite and non-zero 


Hence by comparison test Zu, and Xu, are 


convergent or divergent simultaneously. 


, Ll, 
Since }' up = La is convergent. 


“. Su, is convergent. 


(b) Leaving Ist term, the nth term of series is 


u,= . 
n (n+ 1)"*1 
n 
Take Up, = a 
ntl n 
n 
Then lim “= lim a x2 
n>2V_, noe(nt+ 1)" nt+1 
1 1 


= lim ax i 
m8) (1+=} 
A n 


= Finite and non-zero 


ale 


Hence, by comparison test Yn and yn are 


convergent or divergent together. 


But the series }'u, = > lis divergent. 
n 


Hence the given series is also convergent. 


n 
i 4 5(5-3] 1 
=n|1+ oo 1 
2 n2 2! nt 
-i_ll, 
2n 8 nt . 
Take v, = — 
n 
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: 1 2 
lim “n == +40 n® 1. 
is e0, 2 oy" (@) > (1-2) 
(n+1)" n 
Then by comparison test, }'u, and Sv, are 1 Yin 4 
convergent or divergent together. Solution: (a) u, = —, then unt!” = (=) 7 
n n 
: 1 2 
Since v, = ¥ — = Divergent 
Len 2, aoe ~ lim ul" = lim J ge 
n> 00 noon 


“. }uy is also divergent. ; 
Hence, by root test, yn is convergent. 


ae 
(d) u,= sin— (b) up = (n/n _4)n 
1 1, uf 
Take uv, = : = a = sah [(n/? — yy 
n 
1 = lim (n/"-1)=1-1=0<1 
sin — oss 
lim — = lim I n 
nae Uy, Nao Hence, by root test, Yun is convergent. 
n 2 
n” In n” 
. in 0 (c) u, = then u,/" = 
= lim °°” where d= — m n n n 
90 06 7 (n+ 1) n+ 1) 
n 
= 1= Finite and non-zero elim ul" = jim —” 
n> °° n>0 (n+ 1)" 
= Yu, and }'v, are convergent or divergent 
together. i 
ogether ; = ii n 4 
Since, Un = ¥ — = Divergent DENS, 
Tony? 
ae = lim Se 
Xv, is divergent. n> (2 1 i e 
apie 
Hence, option (d) is true. n 


IMPORTANT FACT : 
1 
Comparison test is found useful when in the given (d) up = (1 = *) 
series by u,, terms do not contain power of x or ry 
n 
é : : e 
involving x or factorials. fin a=. tim (: _ | | 
n—- co no n 
CAUCHY’S ROOT TEST i 
Let Xu,, be series of positive terms such that = _, e ~ *) =1 
: 1 
lim Gn =! Test fails. 
n—- °° 
. ' Ly? | 

Then (i) }’u, is convergent if] <1 Howevet In Ga 1a (1 = | =e #0 


(ii) }' uy is divergent if] > 1 
(iii) Test fails if / = 1 


Hence, by nth term test, yun is divergent. 
Option (d) is true. 


Example 6: Which of the following is divergent? D’ALEMBERT’S RATIO TEST 


1 1/n n 
(a) Lon (b) Ya 1) If Su, is a series of positive terms and if 


: u ns 
lim n=], then the series is 
n>eUny 
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1. Convergent if] > 1 
2. Divergent if] <1 
3. Test fails if] =1 


: u 
Note: If lim —"_=+ 0 
n> Una 


Then Zu, converges. 


Example 7: The series 


! ! ! 
2! 3! 4! ce EEN 


.is 
3 32 33 3" 


(a) convergent (b) divergent 


(c) oscillatory (d) none of these 


! 
Solution: Here, u, = (n+ 1)! 
an 
_(n+2)! 
n+1™ git 
lim n= lim ee ty) 37? 
> Un,y nore 3” (n+ 2)! 
(n+ 1)!x3 


Therefore, by ratio test, Zu,, is divergent. 
Option (b) is true. 
Example 8: The series 
2 3 
* ge 4, 
1-2 3-4 5-6 


(a) convergent if x <1 (b) divergent if x >1 


.3x>Ois 


(c) convergent if x =1 (d) all are true 


n 


Solution: Here, u,, = ae ae 
(2n — 1) (2n) 
xntl 
and u,,, =———_—_—_ 
(2n + 1) (2n+ 2) 
Un _ x" ‘ (2n + 1)(2n+ 2) 
Un+1  (2n—1) (2n) grt 


_ (2n+ 1)(2n+ 2) 1 
(2n—1)(2n) x 


(2n+ 1)(2n+ 2) 1 
nae (2n—1)(2n) x 


reat , ae 
Hence if — > li.e. x < 1, the series is convergent and 
x 


if us < li.e. x >1,the series is divergent. If x = 1, the 
x 


D’Alembert ratio test fails. 


In this case up, = a 
(2n — 1) (2n) 
u n? 
lim —-= lim =_=Finite and 
n>evu, n>e(2n—1)(2n) 4 


non-zero. 


P Te 
Since, Yun, = > 2 is convergent. 


Then by comparison test, DF uy is also convergent. 
*. When x = 1, the series is convergent. 
Hence, all (a), (b), (c) are true. 


Option (d) is correct. 


IMPORTANT FACTS 


1. 


Ratio test is employed when u, contains 
factorials and u,, involve increasing power of x. 


2. If lim —“"-=1 and —“"~ contains e, then 
n> Uny Unt] 
Logarithmic test is used. 
3. If lim —“2- =1and—“*~ does not contain e, 
ne Uny] Und] 
then Rabbe’s test is used. 
RABBE’S TEST 


Let }' u,, be series of positive terms such that 


lim a| Un -1}=1 
n—=peo Unt 


Then 1. if] > 1, ¥.u, converges 


2. if1< 1, ¥u, diverges 
3. if] = 1, test fails. 
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DE MORGAN’S AND BERTRAND’S TEST 7 
lim {n n_—]]/-1logn 
Let x u,, be series of positive terms such that Xe Une] 
lim n(n a) log n|=! = ti Jm(an-+ 5) i| log n 
n> co Und] ne | (2n+ 2)? | 
Then 1. if! >1, }’u,, is convergent Loti, “a4 oe 
2. if <1, )\u, is divergent n> (2n+ 2) 
3. if! = 1, test fails. = e % =) 
: 3n 
: = lim log n 
Example 9: The series = 7 x? + as x3 Nee | O 1 
1 2.3" 2.4.6 n (+5) 
+ ae x4 + ...is @ is convergent if (1 + =) 
2-4-6-7 _ 3 lim 3n lim logn 
(a) x >1 (b) x21 re Ly n 
(c) x<1 (d) x<1 Si 
es __3 Le fim logn_ 
Solution: Leaving Ist term, the nth term of series is ames +1x0 . pute = 0 
1-3-5... (2n- 3) xn 
"2-4-6 ...(2n— 2\(2n— 1) =0<1 
‘ 1-3-5...(2n— 3) (2n—-1) Bact Hence, by de-Morgan’s and Bertrand’s test 
ile 2-4-6... (2n— 2) (2n) (2n + 1) Yun is divergent when x = 1. 
Now, u, _ 2n(2n ee 1 (1) Thus, Yun is convergent if x < 1 and divergent 
Uny1  (2n—I)* x ifx>1 
lim "= lim S ae 11 “. Option (d) is true. 
n>2ou n> n— x x e e ° 
lai Higher Logarithmic Test 
Hence by D'Alembert Ratio test, Let }' u,, be series of positive terms such that 
Un is convergent if ee iex<1 i 
* lim |4n log —"- — 1} logn}=! 
Un is divergent Freie sed =< Untl 
x 
1 6 
When = = 1 i.e. x = 1, test fails. ; ee Un fie ~ a 
‘ - n—- co Un+1 hia scat an 1 
From Eq. (1) when x =1 = i ne 
Un _ 2n(2n + 1) 6 3 
Une1 (2-1)? =a=57 | 
1 
n{ Un —-y)=_nl6n-1) _ 6- = Then, by Rabbe’s test, by u, is convergent if x = 1. 
Un 4n?-4n+1 4_ 4 + 2 Hence Dy u, is convergent if x < 1. 
non 


Option (c) is true. 
Rabbe’s test fails, when x = 1 


Now, we apply de-Morgan’s and Bertrand’s test : Logarithmic Test 


When x =1 Let y u, be series of positive terms such that 
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Un _] 


Un+1 


lim n log 
n- co 


Then, 1. if! > 1, } u, converges 
2. if <1, }\u, diverges 
3. if] = 1, test fails. 


Example 10: The series 


! ! 
ie ee te 


32 B + ...3x>O0is 


(a) convergent if x > e (b) divergent if x < e 
(c) divergent ifx >e (d) convergent if x <e 


Solution: Neglecting Ist term, the nth term of series is 


| 
Un = ae a 
(n+ 1)" 
Fr — (nt+1)! vnei 
n+1 (n+ gyr+t 
un, _ nlx” . (n+ Q)r*1 
Unser (FD (ne Dix?*? 
1 
_(n+2V""1 
n+1 x 
1 nels 
-(1+ ) (1) 
n+1 x 
1 eS 
lim n= jim {1+ = 
nouns, no n+1 x 
= @ 
x 


: : Ons ay 
From ratio test, Yun is convergent if —> li.e.x<e, 


x 


ane cdt pe : 
then series is divergent if —<lie.x>e. 
x 


Ife =liex= e, Ratio test fails. 
x 


Now, when x = e, From 
n+1 
Un (44 1 1 
Ua n+1 e 


: —loge 
n+1 


Un = (n+ leg (1+ 


i 1 1 

=(n+1 we[-1 
= Ny Qn+I2 In+Ie | 
a 

An+1) 3n+1/? 

1 1 
= + 

2(n+ 1) 3(n+ 1)? 


3n n2 
1 #5 
=- + —+ 
2  6n 
lim nlog—"~—= lim f a S +e} 
n> Unyy nr 2  6n 
= te 
2 


Therefore from logarithmic test, the given series is 
divergent if x =e. 
Hence, the series is convergent if x<e and 
divergent if x 2 e. 

Option (c) is correct. 


Note : If logarithmic test fails, then it is useful to apply higher 


logarithmic test. 


2 2 2 
Example 11: The series 1+ = x+ a 

3 3°.5 
27.47.67? 
Ce a 


(a) convergent if x >1 (b) convergent if x =1 


+...3x>O0is 


(c) convergent if x <1 (d) divergent if x >1 
Solution: Neglecting Ist term, the nth term of series is 
Ye ee A: a 
2 62 92 a 
3°.5*-7% ...(2n+ 1) 


n 


22.42.62 |. (2n)* (2n+ 2)” 
32.52.72 |. (2n + 1)? (2n4+ 3)" 


xntl 


Un+y1 
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2 
Uy, (2n+ a 1 (1) 
Un+1  (2n+ 2)° Xx 
lim n= lim (2n+ 3° u 
M>Uns, >= (Qnt 2)? x 
2 
(1+=) : 3a 
_ 5 n 
lim 3 


Hence, by D'Alembert ratio test. 


Un is convergent if Es >liex<l 
x 


and divergent if Zz <1 test fails. 
x 


Now, when x =1 


J(2n + 3)? —(2n+ 2? 
(2n+ 2)? 


| 
f 
J 


n- eo 


Then 

1. Su, is convergent if] > 1 
2. Yup is divergent if! <1 
3. Test fails if] =1 


Example 12: The series 


ee ie 24" 1424222 


2ix 2 34x #2 3 44.1.5; x>0 


l+x+x 
is 
(a) convergent if x < e 


(b) divergent if x < 1 
e 


(c) convergent if x < ‘ 
e 


(d) divergent if x > 1 
e 


1 1.1 ol 
$ltlt..ts 
Solution: Hereu,=x 2 3 n 
ae | pl 1 
L+itit.tot 7 
_ no ont 
Uny1 =X 
11 1 
1+i4+24+...4- 
Un _ x 2 3 n 
Uns (pled eee 
3 n n+l 
x 
_ 1 
fai 
xn 
; : 1 
lim A = lim —— 
N>°Uny] n>& 1 
nt+1 
1 
=—=1 
x 


Hence Ratio test fails. 


Now, we apply Logarithm test 


nlog Un_=n log . = : log x 
Uned a n+1 
x 


lim nlog “n= lim : log x 
n—- © Und n> oo n+1 


1 
= -logx =log— 
x 


Hence, by Logarithm test 


: : eee 1 
Yun is convergent if log x >liex< 7 


and divergent if log - <lie.x> . 
x e 


and when x = z test fails. 
e 


Now, we apply Higher Logarithmic test 


1 
when x = —, we have 


e 
1 
nlog “"_ =nloge”*! 
Un+1 

=" loge= : 
n+1 n+1 
or nlog—" 1=_" = 1 
Unea n+1 n+1 
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or : log 


| loan -—[—t}iogn 
Uns n+1 


[ns Un 1}eo= lim 


Und] n>ont 


or lim 
n—- oo 


logn 


1 logn 


= ji 
6 ia2 n 


noao n 


=(-1)-0=0 E lim ean —o| 


Hence, by Higher Logarithmic test 


Un is divergent when x = s 


e 
Thus, 
(i) 2 u,, is convergent when x < * 
(ii) Yun is divergent when x > 
Option (d) is true. 
CAUCHY CONDENSATION TEST 
Let f(n) be a function such that 
1. f(n) is positive for all positive integer n 


2. The sequence { f (n) 
n increases 


} is continually decreases as 


If ‘a’ is positive integer greater than unity, 


then the two series }’ f(n) and "a" f(a") converges 
or diverges together. 
Theorem: Auxiliary series ¥° = is 
n (log n)P 
(i) Convergent if p> 1 
(ii) Divergent if p> 1 


Particular case: 


(i) >» i 5 5 are convergent for p> 1. 
n logn) n (log n) 
1 
(ii) ; are divergent for p< 1. 
yy logn aa n)Yn 


Example 13: Which of the following is convergent? 


— logn 1 
(a) Ae ©) icon 

= P — logn 2 
© Lz ai @ ye 


Solution: 


(a) Let f(n) = 8” 


Then f(n) is positive monotonic decreases such that 


tim POP 20, 
noo n 


Then a Cauchy Condensation test, Y flx f(x) 
Laer 


simultaneously. 


> Doe 


) and 


), where a> 1 are converges or diverges 


)=Sa a” ae a” => nloga 
=loga : n= Divergent 
(n) = yy ean is divergent. 


1 
log n 


(b) f(n) = 


Then f(n) is positive monotonic decreasing and 


Consider a” f(a") = ya" a = 


oa ar 
1 a” 1 
= v (1) 
joga n eae ° 
n 
where, uv, = — 
n 
qgitl 
n+17— | 
lim n= lim 2 grt lim (1+=)- 
n>oU,,, n>Oe Nn @ +1 nse n/a 


so 2 ihessuse a>l 
a 


> Yen is divergent. 

1) ¥a" a 
_ 1 

= Yifn=> ae 


Then from Eq. ( ) is divergent 


is divergent. 
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ql 


can 


(c) Similarly in the same way + 


divergent. 
logn 
(d) f(n) = —=— 
nP 
a” f(a") = a" loga"__ nloga , mp-1 
(a”)P (ar)b-1 
n 
err ...(1) 
_ oon 
where on = mai 
D —_ ntl 
n+1 ( n+lyp 1 
lim n= jim e ani : 
n> 0V,,, nae (qnp-l n+1 
=aP-131 [Fe a>J] 


=> Yn is eibaie by Ratio test. 


From Eq. ( 2) ya" a ) is convergent. 
=> y f(n) is convergent by Cauchy Condensation 
test 


Hence option (d) is true. 


*The series x is convergent if 


1 
nlog n (log log n)P 
p> land divergent if p< 1. 


ALTERNATING SERIES 

A series of the form 

¥ 1)" 1, =uy—Ug +Ug —Ugq... 
n=1 

for all n is called an alternating series. 
Note : The series yr} Un, yey u,, are also 
alternating series. 


For example, the series 


i. deesess,: 
2 3 4 
1 1 1 
a ar a 


are alternating series. 


where u,>0 


LEIBNITZ TEST (TEST FOR AN ALTERNATING 
SERIES) 


If the alternating series is such that 


is such that 


Pike =Uy —Ug + Ug —Ug .. 


hy <u,,> is monotonic decreasing sequence i.e. 
Uny1 Sup, Vn 
2. lim u,=0 


n—- 0 


Then the series yl 
n= 1 


i, is convergent. 


Hyper Harmonic Alternating Series 


— _11 
The series by (-1)" i —, where p> Ois convergent. 
n=1 n 


Particular Case : 


x wt, De, 


nil2 


are all convergent. 


Example 14: Which of the following is convergent? 


(a) 1- ee ++ 
2 3 4 
1 1 
b) 1 + 
" 28 3/3 4/4 
= n-1 1 
@ years 
n=1 n 
(d) All of the above 
Solution: (a) The’ given’ alternating series __ is 
er -1 1 
n=1 n 
Letu, = 7 
n 
Then <u,> is monotonic decreasing and 
converging to 0.i.e. lim u, =0 
n° 


Then, by Leibnitz test 
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is convergent. 


2! (-1)" 
(b) The given series is 


> yyr-l 


1 
nl2 


=) 
nvn 
= Convergent by hyper tharmonic 


alternating series for p = : >0. 


(c) The given series 


yar 


ae zis convergent for p = 4> 0. 
nt 


Hence, option (a), (b) and (c) are true. 


ABSOLUTE CONVERGENT 


A series yi is said to be absolutely convergent if 
¥' Un) (of positive terms) converges. 


For example the series 


1 1,1 1 
12 92 32 q2 = 
is absolutely convergent because the series 
1 1 a 
2° 2" 32 +a = =d5 nz 


Obtained by taking every term of the given series 
positively convergent. 


Every absolutely convergent is convergent 
i.e. absolutely convergent = Convergent 
But convergent => Absolutely convergent 


Example 15: Which of the following is absolutely 


convergent? 
(jd see. 
2 3 4 
1 1 
(b) 1 
ae 3/3 4/4 
(c) 2 3 4 4 5 
ce 2.3? «a? 
(d) None of these 
Solution: a) Let }'u, ee Da se, 
2.3 4 


ie 1 


1 
Now, u, |=1+ +05 = Divergent 
Du |a1+ 5+ 542 DE g 
ie Y4n is not absolutely convergent. 
1 1 1 

b) Su, = + + 
Lin= 1-95 * 38 aa 
1 1 1 


u, |=1+ + + + 
Liinl= 1+ 55 * 38 aa 
1 1 
ie Tn Lap Convergent 


> Yun is absolutely convergent. 
2 3,4 =5 


. 2. aS 

: Yilun| ge” +t... 
_wontl 
=> . 


n 


= Divergent by comparison test 


> yn is not absolutely convergent. 


Hence, option (b) is true. 


CONDITIONALLY CONVERGENT 


A series by u, is said to be conditionally convergent if 
Yup converges but }"| u,,| is not convergent. 


i.e. A conditionally convergent series is series which is 
convergent but not absolutely convergent. 


Conditionally convergent 


= Convergent but not absolutely convergent. 


Example 16: Which of the following is conditionally 


convergent? 
1 1 1 (- 
a)1-—+_-—... b 
(a) oa 4 (b) > 
(-1) 
(c) = (d) All of these 
ee ee 
Solution: (a u, =1-~+=-= 
(2) Ditn 2 3 4° 
=y(-1""1 1 is convergent by 
n 


leibnitz test. 


11 
But u,|=1l+ ++ 
y | Un | 7G 


-y+ 


bs 
7 


is not convergent 


Infinite Series 


cH Yun is conditionally convergent. 


n+1 
0) Yu, = 


is convergent by Leibnitz test. 


Ba Vines | ey 
a in Ai? 

eas 1 

is divergent a 


2 Yun is conditionally convergent. 


n+1 
(c) Yu, =>, = 7 is convergent by Leibnitz test. 
= 
(-yrtt 
Now, = 
Sen | 5] _ 
1 


= > = Divergent 
3n-7 


* Yun is conditionaly convergent. 
Hence option (a), (b) and (c) are true. 


. Option (d) is true. 


CONGRUENCE 


Definition: (Congruences): Let m be fixed 
positive integer. The relation “congruent modulo m” 
written as (= mod m) is defined in Z as follows: 


Let a, be Z then we say a is congruence to b iff 

m|a-—b 

ie. a=b(modm)@am|a-—b 

or a=b(modm)ea-b=kmkeZ 

Sa=b+kmkeZ 

The integer m is called modulus of the congruence. 

Example : (i) 4 = 2 (mod 2) because 2| 4 — 2i.e.212 
(ii) 6 = 3 (mod 2) because 3| 6 — 3i.e. 316 
(iii) 2 # 5(mod 2) because 2 x 2- 5i.e.2x3 

i.e. 2 does not divides 3. 

Observations 

1. The relation “congruent modulo m” is an 
equivalence relation on the set of integers. 


2. If a= b (mod m) and c= d (mod m) then 


(i) a+c=b+d(modm) 


(ii) a- c= b—d(modm) 

(iii) ac = bd (mod m) 

(iv) a” = b” (mod m) where n is any positive 
integer. 

(vy) at+n=b+n(mod™m), for allne Z 

(vi) na =nb (mod m), for all ne Z 

Ifa+n=b+n (mod m) then a= b(mod m) 


If na =nb (mod m) and (n, m)=1 


then a= b(mod m) 


5. If na =nb (mod m) and (n, m)= d andm=dm 


Then a= b (mod m) 


6. Any integer ‘a’ is angruent modulo m to its 


remainder when divided by m 


7. Two integers a and b leave the same remainder 
when divides by m if and only if a = b (mod m) 


EQUIVALENCE CLASS : (Partition Function) 


The equivalence class determine by ae Z is denoted 
by [a] or a and is defined as 


faj=a={beZ:b=a(modm)} 
={beZ:m|b-a)} 
={beZ:b-—a=km,keZ} 
={aekm:ke Z} 
Hence, m distinct equivalence classes are 


(O] = {km:k € Z} 


= {0,+m, + 2m, + 3m...} 
[fI]={1l+km:k eZ} 
={1,ltm,1+2m...} 
[2] ={2,2+m, 2+ 3m...} 
Im — 1]={m-—1, (m—-1)+m,}(m—1)+ 2m....} 


The set [0], [1], [2], ... [m — 1] are calles residue classes 
mod m and the set of residue classes mod m will be 
denoted by Z,,. 
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Thus, Zm = <[0], [, [2], ..., lm —- 1]} (2)={4k +2:keZ}={...-6,-2,2,6,10, 14,...} 
Example: The residue classes modulo 4 [3] = {4k +3:keZ}={...-5,-1,3,7,11,15,....} 
[0] = {nk :k e Z} = {-8, — 4, 0, 4, 8, 12,...} Thus, Z4 = {[0], [1], [2], [3]} 


W={4k +1:keZ}=t...-7,-3,1,5,9,13,...5 


EXERCISE 


MULTIPLE CHOICE QUESTIONS ; 2 (2 gyr-l ; 
6. The series1+—=+]—] +...4]= +... cis 
Direction: Each of the following question have four 3 
alternative answers. Choose the correct answer. (a) convergent (b) divergent 
Sea (c) oscillates (d) converges to 4 
1; If >» u,, be convergent series, then 
nat ti The sequence of nth partial sum S,, of the series 
2 n-1 F 
(a) lim u, =1 (b) lim u, =0 1424+ 2°4+...42 + .., cc is 
ai — (a) 2” i 
ae a) EA aes (c) 2-1 (a) 241 
1 _ 2,34 ah 
2. Let a, = : then 8. The series fl + 3 + 3 +... 0015 
(a) convergent (b) divergent 


(a) <a, >is convergent but Y a, is not convergent 
(c) oscillates finitely (d) none of these 


(b) <a, >and > a, is not convergent 9. Thesedes by oe 1 _ 


n 
(c) Both< a, >and > a, are convergent fa) aiuetaont ie) eenceinent 
(d) None of these (c) oscillately infinitely (d) none of these 


oo 10. Which of the following is not divergent ? 
3. If lim u,, #0,then the series }’ ur, is 


noo j= (a) n 
: (1+ n)" 
(a) oscillatory (b) convergent i 
(c) divergent (d) None of these (b) ¥ cot - 
4. Which of the following is divergent? 24 
1 n () 5 
(a) §' cos = (b) 
x n x n+1 as 
uy Ce ee 
(c) x1 + ‘] (d) all of these 2 2 2 
n 
11. | Which of the following is convergent series? 
5. Which of the following is convergent series? 1 att 
- (a) > (b) yinsin a 


(a) Yn (b) Dh (1+ y 


n 


(d) None of these 


() Sn (d) 4 Cy 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


The sequence of nth partial sum of the series 


1 1 1 1 : 

+ + Hee, +... is 
1-2 2:3 3-4 n(n + 1) 

1 n+1 

(a) b 

n(n + 1) ©) n 
, n (d) il 

n+1 n+1 
The series 
x log x + x” log 2x + ...4 x” log nx ... 0 is 
convergent if 
(a) x<l (b) x <1 
(c) x21 (d) None of these 

x” 
The series at x = lis 
pe n+1 
(a) convergent (b) divergent 
(c) oscillatory (d) None of these 
Theseiesde 4c ce is 
2 32 42 

(a) divergent (b) convergent 
(c) oscillatory (d) None of these 


The series whose general term is ,/n + 1 — nis 
(a) convergent (b) divergent 
(c) oscillates finitely (d) oscillates infinitely 


The absolutely convergent series is 


(a) 1-1+1-1+1-...4 (01+... 
n-1 

Cee eee cc ae 

23 4 n 

-1 

ging hot, 

V2 V3 V4 Jn 
i ee eee es 

ee 3 z* 
The seas SE ae 4 (at 3x)3 hess 
is convergent if 

1 1 
(a) x>= (b) x=2 

€ e 
re) eS t (d) None of these 

e 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


The infinite series 1+ 2x + 3x2 + 4x94... 
converges for 
(a) x21 


c) |x |<1 


(b) x<1 


(d) for negative values of x only 


n 
is divergent if 


The series >> er 


(b) x =1 
(d) None of these 


(a) x<1 
(c) x>1 
co yn 
The series x —is 
gn 
n=1 
(b) divergent 
(d) None of these 


(a) oscillatory 


(c) convergent 


The convergent series is 


(a) > l+nJn¢1 AST 


n=1 n 
co 1! © n 
(c) : (@) y (1+2} 
n=2n log n=1 n 
The series . t 


n22 log n) (log log n)? 

a) converges if p > 1 and diverges if p< 1 

b) converges if p< land diverges if p<1 
c) converges if p < 1 and diverges if p>1 
d) converges if p < land diverges if p>1 


Ifu, 2u,,, > 10for all n, then for the convergence 


of the series Y uy, the condition lim u, = Ois 
n> % 
n=1 
(a) necessary but not sufficient 
(b) sufficient but not necessary 
(c) necessary and sufficient 
(d) None of these 


Ifu, 20, Vn2land lim =I then the series 


n>eUu 


n+1 


> Un is convergent in case 


(b) [<1 
(d) 1 =1/2 
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26. 


27. 


28. 


29. 


30. 


The sum of the series > a er on 
& nin+ I(n+ 2) 
1 1 
a) — b) = 
(a) E (b) A 
1 
(e) logy ~ 5 (d) log2+1 32. 


A divergent series is 


= 1 has n 
(a) sin — (b) 
Ze n? x 3n3 -2 
c » sin - » sin 2 
n= n= 


The correct statement is 


(a) Both the series Sy (-1)"*? - Dy © ae 
n=1 No n=1" 
convergent 
ee er 1 34. 
(b) The series a 1)"** —is convergent but the 
= n 
series » “is divergent 
35. 
(c) The series > . is convergent but the series 
n=1" 
2k 1y"* il a not convergent 
(d) Neither the series > a nor the series 
n=1 n 
a y"* eae convergent 
= n 
The series S + eZ + cs + ...is convergent for 
1P QP BP 
(a) p>0 (b) p>1 
(c) p>2 (d) None of these 36. 
3 5 
Series ~ + ee + es + ...is convergent for 
1 2 3 3:45 
(a) x? =1 (b) x?<1 
(c) x2>1 (d) None of these 


The infinite series 


1 1 
3 t cosa to. 


1 
cos 1 + cos + cos 
3 438 


(a) is convergent (b) is divergent 


(c) is oscillatory (d) None of these 
The series by eee is 

n(log n)P 
(a) convergent if p> 0 
(b) convergent if p >1 
(c) divergent if p>1 
(d) convergent if 0< p<1 


The convergent series is 


ee n ney Mt Z 
The series eo + LS + an + ...is convergent, if 
1P QP BP 
1 2 
(a)p=1  (b)p<=  (c)p>1- (d) p== 
2 3 
The series 
(a) > sin (+s) and "cos (=) are both 
n=1 2n? n=1 2n 
convergent 
(b) sin & and cos (=) are both 
2 2n 2 2n 
n=1 n=1 
convergent 
(c) ~ sin ( ) is divergent and x cos (= "is 
n=1 2n = 
convergent 
(d) Y sin (5) is convergent and x cos (z 7) 
n=1 2n = 


is divergent 


The series }’ u,, is not convergent, if the value ofu,, 
n=1 


Infinite Series 


37. 


38. 


39. 


40. 


41. 


42. 


Which one of the following infinite series is 


convergent? 
io) 2 a OD <a 

co 1 oo ne 
na ree ay (n° — n? + 1) 
The series 
Pha 8 gh TO 8 a. 3 nl any 


5 10 
(a) convergent if x2>1and divergent if x2 <1 
(b) convergent if x? <1land divergent if x2>1 
(c) convergent if x? <land divergent if x2>1 


(d) convergent if x*>land divergent if x*<1 


The sum of alternating harmonic - series 
1 111 
-l+l-i+...is 
2 3 4 
(a) zero (b) infinite 
(c) logs e 


(d) not defined as the series is not convergent 


n 


: n!2 
The series > is 
n 


(a) convergent (b) divergent 
(c) conditional convergent 

(d) None of the above 

The senoa - = + = - 2 dS 

a) conditional convergent 
b 
c 


d 


absolutely convergent 


divergent 


( 
( 
( 
( 


None of the above 
Let x u, be aseries positive terms, given that p> Un 


7 A Un+1 : 
is convergent and also lim —— exist, then the 


n> 0 Un 


limit is 
(a) necessarily equal to 1 
(b) necessarily greater than 1 


(c) may be equal to 1 or less than 1 


(d) necessarily less than 1 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


The series x (2x)" converges 
n=0 


is) joc eye) for x with <x <> 


ue” 


id toreui eee 01a) Freya ; ; 


If p and q are positive real number, then the series 


2? 3P CP 
5+ 5_+ =_ +... is convergent for 
14 2931 
(a) p<q-1 (b) p<qt+1 
(c) p2q-1 (d) p2q+1 
Which one of the following series is not convergent? 
pe oe oe 

2/2 3/3 4/4 
(Ge eee ae 

2 3 4 

Ted, tl oT 
(c) =--=+ —-=+...0 

2 3 4 5 
(d) x + x2 4+ x24... where |x |<1 


Td 


The sunat those 4 4-44 .. ad inf is 
os 8 7 


(a) a positive integer (b) negative integer 


(c) aproper fraction  (d) an irrational number 


For a positive term series > a, the ratio test that 


F age ys On+1 
(a) the series convergent if lim ———>1 
n> dy, 
2 spe ae On+1 
(b) the series convergent if lim <1 
n> ay, 
: 7 : s Gn4d 
(c) the series divergent if lim ——— =1 
n> ay 
(d) None of these 
Theseneg Pg “Bg .. 00 iS 
12 3:4 5-6 


(a) divergent b) convergent 


(c) oscillating d) None of these 


Consider the following statements 


> un absolutely converges 
n=0 


co 


> [Un | converges 


of these statements 
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50. 


51. 


52. 


53. 


54. 


55. 


(a) (A) implies (B) (b) (B) implies (A) 
(c) (B) is not implies (A) 

(d) None of these 

The series whose nth term is t,, = va el—n 
(a) converges to the sum 0 


(b) converges to the sum ; 


(c) converges to the sum ; 


(d) diverges 
2, 2-5 2-5-8 
6 6-12 6-12-18 


(b) convergent 


The series 1 + 


(a) divergent 

(c) oscillates finitely (d) oscillates infinitely 
Which one of the following test does not give 
absolute convergence of a series? 

(a) Root test 


(c) Ratio test 


(b) Comparison test 
(d) Leibnitz test 


58. 


.. co is convergent if 


Assertion (A) : The series > (= converges 
n 


n=1 


co n 
Reason (R): The series > ee converges 


n=1 7 


absolutely then 
(b) A and R are true 
(d) A and R are false 
2 + 1 
421 (2n- 1)(2n + 1) 


(a) A is true, R is false 


(c) A is false, R is true 


co 


(n!)" 
If = SY 
* x (nny2’ ~? 


, then 


which one of the following statement is correct? 


(a) Both S, and Sy are convergent 


(b) S, is divergent and S, is convergent 


61. 


(c) S, is convergent and Sy is divergent 


(d) Both S, and Sp are divergent 


56. 


57. 


yn 59. 


60. 


The series b> 7 - : is convergent, if 
1 n 
(a) p>0O (b) p>1 


(e) p>s (a) p>2 


Given u, = 2 Up, = fi then 
n+1 n 


(a) the series Yun is convergent and the sseries 
1 


>on is divergent 
1 


(b) the series }"u,, is divergent and the series }'v, 
1 1 
is convergent 


(c) both the series Yun and Yen are convergent 
1 1. 


(d) both the series Yun and Yn are divergent 


1 1. 
The infinite series + a + 1 +..+ y +... is 
1P QPP nP 
convergent when p is equal to 
a> m2 wi «@-? 
4 4 4 
; 1 1 ; 
For the series pee * pee + yee +...., which 


of the following is true? 


(a) Ifr=— ; the series is convergent 


(b) If r= —2, the series is convergent 
(c) If r=1, series is convergent 
(d) None of these 


22 2 3 4 5 : 
MSS oat ae og a 


a) conditionally convergent 


) 
b) absolutely convergent 
) 


( 
( 
( 
( 


c) divergent 
d) None of these 
The series bs el ten’) x" is convergent if 
12. 
1 
(a) |x |<1 (b) |x |<= 
3 
1 
(c) |x |<= (d) |x |<= 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


The sequence of nth partial sum of the series 
= 1 


py 


yo rn+ 2) 


(a) converges to 0 (b) converges to ; 


(c) conerges 1 (d) diverges to + 0° 
Let }'u,, and }'v,, be two series of positive terms 


such that “> _¥n_Y¥n> mthen the series Y4n 
Uns1 Une 

is convergent if }* uv, is 

(a) divergent 

(b) semi convergent 

(c) convergent 

(d) 


d) neither convergent nor divergent 


The series l + l + 1 ++ 1 +... is 
1! 2! 3! n! 
(a) convergent (b) divergent 


(c) oscillating (d) semi-convergent 


If }'u, and Su, be two positive term series such 


. U 
that lim —2 =+ o 
n>~ Uy 


(a) })uy diverges = }' vy diverges 
(b) Su, converges = }'u,, converges 
(c) $v, converges = }'u, converges 
(d) Sv, diverges > } uy, diverges 


n 


oo 1 1/n 
The series a (=) 
n=1 


(a) diverges (b) converges 


(c) oscillates finitely (d) oscillates infinitely 


bs 2 
The infinites series z e” 


n=1 


(a) diverges (b) converges 


(c) oscillates (d) semi-converges 


The series > (n/n _ yn 
(a) diverges (b) converges 


(c) oscillates finitely (d) oscillatees infnitely 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


If f(1), f(2),..., f(n) be a sequence of positive terms 
such that f(1) > f(2)>...> f(n)>... for all which of 
the following pair of series converges or diverges 


together? 

(a) 5 f(r) and 5 2"/"¥ (2!/") 
(b) ¥ 2"f(n) and > f(2”) 

(c) ¥ fn) and > f(2”) 

(d) ¥ flr) and ¥ 2”F(2") 


bn-a 
2 


The series > a 


bn“ +a 


(a) diverges (b) converges 


(d) oscillates infinites 
1 1 


: 1 : 
The series + + + ...is 
log2 log3 log4 


(c) oscillates finitely 


(a) convergent (b) divergent 
(c) finitely oscillatory 
1 


37 +x 


(d) infinitely oscillatory 


The series > ,x > Ois 


(a) convergent (b) divergent 


(c) finitely oscillatory (d) infinitely oscillatory 


The series »y oe is convergent if 
n=1 ( . 


2n-1) 
(b) p=1 
(d) p21 


(a) p<1 

(c) p>1 

Which of the following is not correct? 

(a) A series is said to be convergent the sequence 
{S,,} of its partial sum is converges 

(b) The nature of series is not affected by adding or 
removing some terms 


(c) If lim u,=0, then the series Un is 


n> 
convergent 
(d) If from and after fixed terms u, =u, = 0 then 
>: is divergent, if }* u, is also divergent 
3 7 


The series 1 1 +1 +1 + ....is 
2 4 8 


a) convergent 
b) conditionally convergent 
c) absolutely convergent 


( 
( 
( 
( 


d) oscillatory 
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76. The series 1 — 2x + 3x2 — 4x° + ..., where O<x<1 (a) y-24,3_14 
(a) convergent (b) divergent (b) 1- a + x = 
(c) oscillatory (d) semi-convergent 1 
(c) S\(-1)" sin — 
77. The series : : + : . +... is 2 n 
a+1l a+2 a+3 a+4 Fe 
convergent if a (n+ 13/2 
(a) a=O (b) a< 0 
n 
(c) a<-l (d) None of these 83. The series ° ye is 
n+ 
78. The alternating series uj -ug+u3-uqgt... 7 ; 
(0< u,, <n) is convergent if (a) conditionally convergent if 0< p<1 
(a) Un <u,, and lim tt, =0 (b) absolutely convergent if p> 1 
n n+ n 
Raviee (c) oscillatory if p< 0 
(b) u,<u,, , and lim u, (d) all (a), (b), (c) and are correct 
noo 
2 
n 
(c) Un >U, 4 ,and lim u,=0 84. The series > t 2 is 
n= (n+ 1) 
(d) uy; >u, 4,1 and fli Uy, = 99 (a) convergent 
(b) divergent 
79 If series 2 + ala+ + aes Tass + ...is : ; 
: b bib+1) bib+ (b+ Q) sat (c) can not be determined 
(d) none of these 


a) convergent if b —- a< land divergent ifb-a21 


: mens F 
b) convergent ifb<1+ land divergentifb>1+ a 85. The series x n'x" is convergent if 


( 

( 

(c) convergent ifb>1-+ aand divergentifb<1+a a) x>landx =1whenm<-1 

(d) convergent if b> 1+ aand divergent ifb<a+1 b) x > land x =1whenm<-1 
) 


c) x<landx =lwhenm<-1l 


( 
( 
80. The series ( 
( 


143 Laie l4seiee d) x<landx =1whenm>-1 
x+x +x +x +...is 

1 86. The series x + x+y, x(x + Wk+ 2, .. iS 
(a) convergent if x > — 2! 3! 


e 


(b) divergent if x = 1 


( 
; ( 
( 
( 


a) convergent if x > 0 
b) divergent if x > 0 


. 1 c) convergent if x >1 
(c) convergent if x > — 


e d) divergent if -1 
(d) divergent if x < : 87. | Which of the following series is convergent? 
e 
— logn = 
81. If x is positive then the series (a) 2; n (b) pz loan 
2 2 n=Z2 n= 2/09 
2 x+ (5) x? + (2) x? + ..., 1 convergent if | 3 1 
3 4 5 i) > ("2 "} (d) ¥ —~ 
mek it vn 
(a) x=1 (b) x<1 n=2 
>1 d) N f th Es 
toy x ee enone 88. The series yisin + is 
82. Which of the following series is non-absolutely nad nP 
convergent? 


(a) convergent for all values of p 
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89. 


90. 


91. 


92. 


93. 


94. 


95. 


(b) convergent for p < 1 and divergent for p 
(c) convergent for p > 1 and divergent for p< 1 


(d) divergent for all values of p 

A series 2 f(n) 
a) YF 
b) > f ( \ convergent 96. 
od) DIF (n 
9 Ss([; 


A series Yun is conditionally convergent if it is 


is absolutely convergent if 


|) is convergent 


) | is convergent 


) is convergent 


(a) convergent as well as absolutely convergent 
b) convergent but not absolutely convergent 


( 
(c) absolutely convergent but not convergent 
( 


d) neither convergent nor absolutely convergent 97. 
Which of the following is not conditionally 
convergent? 

(-ayrtt (-1r*4 98. 

(a) (b) 

py Jn 3n-7 
1" +1 
(c) d) None of these 
ae joa ( n+ 1) a 
a) 4 5 sa 
The series > — — + = ae ...is 
I= <2 3° 4 

(a) absolutely convergent 
(b) conditionally convergent 
(c) not convergent 
(d) none of these 
The series y E + a | 

a 100. 
n=1 vn 
(a) diverges (b) converges 
(c) oscillates finitely  (d) oscillates infinitely 
The series a2 _ 108 a log 4 a 
ee 
(a) diverges 
(b) converges 
(c) oscillates finitely 
(d) oscillates infinitely 
Which of the following is not absolutely convergent? Hor 
a) §(-1) 1) n+1 ae + 2) 
M45 


2 3 
(b) ee aaa ae ee 
2! 3! 
2n+1 
c _yntl x 
() Di (2n + 1)! 


(d) None of these 
Consider the statements 


; a. de. 
(A) The series > sin 2 is convergent. 


. 1 2 3.4 5.6 : 
(B) The series 2 . z + Zz : Zz + 32 . 2 +... is 
divergent. 
Then 


(a) A and B are true (b) A is true, B is false 
(c) Aand Bare false  (d) Ais false, B is true 
The constant series y C, where C # Ois 

(a) convergent (b) divergent 


(c) oscillates finitely (d) oscillates infinitely 


The alternating series y (-1)" Cis divergent if 


(a) C=0 (b) C#0 
(c) For all C (d) None of these 
Given any sequence {b,,}, the series 2b by +4) 


is 
a) convergent 
b) convergent if {b,} is convergent 


c) divergent if {b,} convergent 


a ee, ee 


d) none of these 


The series y ss 


es in + S5n+ 6 


(a) convergent and its sum is ; 
(b) convergent and its sum is = 

3 
(c) convergent and its sum is z 


(d) convergent and its sum is : 


The sum of the series De 1 is 
=1 n’ + 2n 
5 12 
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102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


(d) not possible 


The series x (sn u + 5] is 
n n2 
n=2 


(a) divergent (b) convergent 


(c) oscillatory (d) none of these 
= 1 


n=2n logn 


The series is 


(a) convergent (b) divergent 


(c) oscillatory (d) none of these 


Which of the following is not convergent? 


I 
a) Y= (b) 3 2 ; 
n 


series 


-1 -2 -3 
(2 3 4 4 
+ Fas IS 
“33 2 3 
a 
b 


c 
d 


convergent 
divergent 


(a) 
(b) 
(c) semi-convergent 
(d) 


None of these 


3 
The series 5tatt(3] x?+(2) 4 i 


convergent if 


(a) x=1 noi (c) x>1 (d) x21 


The series so = x", when x = lis 
n+1 


(a) convergent (b) divergent 


(c) oscillatory (d) None of these 


lea: 
e 


(a) convergent (b) divergent 


(c) oscillatory (d) None of these 


The series > = is 


n(log n)P 


(a) p<l (b) p<1 (c) p>1l (d) p=1 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


The series >> a is 


n log n (log log n)P 


(a)p>1  (b) p21 (c) p=0 
The series ys bo 


scat 1 


(d) ps1 


(a) divergent (b) convergent 


(c) semi-convergent (d) None of these 


Which of the following is convergent? 


a | — n-l 
a) (b) 
> log n 2 logn 
1 — logn 
(c) $’ ——___ d) p22 
x n log (log n) x nP 
The series }’ Boilers Yt is 


2-4-6...(2n) on 


(a) diverges (b) semi-converges 


(c) oscillates (d) converges 


n+1 ee n+1 7 
The series }' f } ( } 
n n 


(a) diverges 


(b) semi-converges 


(c) converges (d) oscillates infinitely 


quel x™x>0 
n+] 


a) converges if x < 1, diverges if x >1 
) 


The series >> 


( 
(b) converges if x < 1, diverges ifx >1 

(c) converges if x > 1, diverges if x <1 

(d) converges if x > 1, diverges ifx <1 

, &B, ala + DRG + 1) 

ly 1-2-y(y+ 1) 
a(a + (a + 2) BB + 1)(8 + 2) 4 
1-2-3 y(y + (y+ 2) 


The series 


where «, B, y being all positive 

(a) converges if y>o + Band diverges ify<a+B 

b) converges if y2a + B and diverges ify<a+B 
) 


( 
(c) converges if y<o + B and diverges ifysa+B 
(d) converges if y< a + B and diverges ify>a+B 


If lim 


n> co 


nlog Un |= e, then the series 
Un+1 


(a) diverges (b) converges 
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118. 


119. 


120. 


121. 


122. 


123. 


(c) oscillates infinitely (d) None of these 


Let x, = Vn then 
I, 
a) §'x, and §\ — is convergent 
Denand yt 


arr 1. 
(b) Sx, is divergent but §’ — is convergent 
zs zt 
ie ge 
(c) $x, and §‘ — is divergent 
Tsvand 5 


(d) None of these 
2 


If | x |< 1, the sum of the series 1+ x + x* + ...is 
1 1 
(a) (b) 
x-1 1-x 
(c) 2% (d) not exist 


If "a, diverges then }' na, is 
(b) divergent 
(d) None of these 


(a) convergent 


(c) oscillatory 


If ¥ a, converges then lim ong equal to 


n=1 Wace n 
(a)O = (b) 1 (c) -1 (d) = 
Match List I with List II. 
List-I List-Il 
eal c 
a L fa). | conditionally 
(ii) yn" (b) Converges 
n=1 
2 (_4)n 
(iii) as : (c) Diverges 
— (=1)" 
| 2 cen eaves 
The correct match is 
(a) (i)-(b), (ii)-(c), (iii)-(d), (iv)-(a) 
(b) (i)-(c), (ii)-(d), (iii)-(b), (iv)-(a) 
(c) (i)-(a), ne (b), (iii)-(c), (iv)-(d 
( i)-(b), (iii)- 


(c), (iv)-(d 
_ Bx 3 


+ ...is convergent if 
ai ! 3! 


The series x + 


124. 


125. 


126. 


127. 


Giese Cee 
€ € 
(ei eee? (a) 2ex<4 
e ie e e 


Match List I with List II and select correct answer 
using the codes given below the lists: 


List-I List-Il 
oe een 
(i) Y(-9) pea (a) Diverges 
: ! 
co n? 
(ii) = (b) Converges 
aq al 
me = (=1) log n Converges 
(iii) py a (c) conditionally 
= (ay? Converges 
(iv) py logn (d) absolutely 
Codes 
A B Cc D 
(a) 2 4 1 3 
(b)4 3 2 1 
(d) 3 1 4 2 


Ifu, =./n+1—-Vnp,, =n? +1 -n? then 


a) }'u, converges but $v, diverges 


n=1 n=1 


b) Sup diverges but }"u,, converges 


n=1 n=1 


) Su, and }'v, both converges 


n=1 n=1 


) Su, and Sv, both diverges 


n=1 n=1 
if _Un i Apt) es Agta, 
Uy acy n’ + Byn!~} 4+ Bon’? + ‘as 


where r is a positive integer then the series 
Uy + Ug + Ug + ... is convergent if 

a) A, -B,>1 ) A, -B,<1 

(c) B, - A, <1 d) A, >B, 

Let {a,} and {b,} be sequence of real numbers 
satisfying | a, |< |b, | for all n= 1 then 
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128. 


129. 


130. 


131. 


132. 


(a) > a,, converges whenever oy b,, converges 


(b) Ya, 


converges absolutely 


converges absolutely whenever yb 


n 


c) }'b, converges whenever }" a, converges 
n n 
) $b, converges absolutely whenever a, 
n n 


converges absolutely 


If > a, is absolutely convergent then which of the 
n=1 


following is not true? 
¥ 4m > Oas n— 2 
m=1 
(b) Yan sin nis convergent 
n=1 
(c) ye is divergent 
n=1 


) Y 4,2 is divergent 
n=1 


Which of the — series is convergent? 


If A is convergent and a, #1 then series 
Gn 
y—- is 
l-a, 
(a) convergent (b) divergent 
(d) None of these 


Let x a,, be convergent series of positive terms and 


(c) oscillatory 


let », b, be a divergent of positive terms, then 

(a) < a, >is convergent and< b, >is not convergent 
(b) < a, > converges to 0 

(c) < b, > does not converges to 0 

(d) < b, > diverges to oo 


If x x, be series of real numbers, then 


133. 


134. 


135. 


136. 


137. 


138. 


) ¥ xp is divergent = (x,,) does not converges to 


zero 
) ¥xp, is convergent > }'x, is absolutely 
convergent 


c) y*n is convergent then x? > 0n-> © 
(d) Ifx, > Othen xn is convergent 


If yu, is convergent series then 


a) Yun is covnergent (b) by Un ig convergent 
n 


(c) y tis divergent (d) None of these 


n 
If ya and yu are convergent then }"u,pp, is 


(a) convergent (b) divergent 
(c) may be convergent or divergent 
(d) None of these 

ff Siu, is 
Yun + Uy, 44) is 


) 
) 


absolutely convergent, then 


not convergent (b) absolutely convergent 


( 
(c) not absolutely convergent 
(d) None of these 
A when n is perfect square 

, then 
; when nis not perfect square 


(a) convergent (b) divergent 
(c) divergent at lim na, #0 
noo 


(d) lim na, #0 


n- oo 


[ 


= nis even 
Ifa, =4" , then }' a, is 
i, nis odd n=1 
Ln 


(a) convergent (b) oscillatory 


(c) divergent (d) None of these 


is 


If Su, is convergent, then }' 
1l+u 


b 
c) may or may not convergent 
d) None of these 


a) divergent 
) 


convergent 


( 
( 
( 
( 
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139. 


140. 


141. 


142. 


143. 


144. 


145. 


n 
Rec » ‘aa sf equal to 
(a) 0 (b) 1 
(c) log? (d) 0 
The series > : 
yoy nin + 2) 


(a) does not converges (b) converges to 1 
(c) converges to 2 (d) diverges to oo 


Let YX u, be a divergent series of positive decreasing 
uy + u3 Siegert Udon 1 


terms, then lim 


nao Up + Ug +... t+ Ug, 
(a) does not exist (b) O 
(c) 1 (d) None of these 
2 2 2 2 42 2 
The series 2 + 2S : — 2 . iS 
BF BF Bae 7 
(a) divergent 
(b) converges to 0 
(c) converges to 1 
(d) None of these 
Which of the following series is absolutely 
convergent? 
(-1)" 1 
(a) 3 —— (b) § — 
x, Li 
1 (—1) 
(c) d) \—> 
ba ere ST “2, 3/2 
The series x —— 
na1(n +n) 


a 
b 


c) diverges to © 


(a) converges to 1 

(b) converges to number > 1 

( 
(d) has an oscillating sequence of partial sums 
If x a,2 is convergent, then 

(a) = a, is convergent 


(b) > a, is not convergent but >» Gn jg convergent 
n 


(c) a, is convergent but y Sn ig not convergent 
n 


(A) (a4) < (Yah)? (Y afy/? 


146. 


147. 


148. 


149. 


If }’a, and }’ b, converges and c € R then which 


n=1 n=1 


of the following is not true? 


(a) } (ay + bp) is convergent 
=1 


(b) * ca, is convergent 


n=1 


(c) }'a,_ b, is convergent 
n=1 


(d) None of these 

Let by a, be a series whose sequence of partial sum 
n=1 

is bounded and {b,} be monotonic decreasing 


sequence such that lim b, = 0, then 
n- co 


(a) } a,b, is convergent 


n=1 


(b) }a,b, is divergent 


n=1 


(c) * a,, b, may be convergent or divergent 


n=1 


(d) None of these 


The series ely ({n+ 1 — Vn) is 
n=1 


(a) absolutely convergent 
(b) conditional convergent 
(c) divergent 
(d) None of these 
Which of the following is not true? 
(a) Any rearrangement of absolutely convergent 
series is convergent. 
ba -1 n-1 
n=1 


n 


is conditionally convergent and 


converges to log? 


ei = 4 
(c) by ae convergence => s — convergent 


n 


n=1 n=1 


sey 1 q,, is convergent 


n=1 
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150. Which of the following is not true? 152. 
co n 
(a) y ae is conditionally convergent 
n=1 V? 
oe ee 153. 
(b) > a, convergent => = ar, convergent 
n=1 n=1 
(c) >" sin es is conditionally convergent 
n=1 vn 
154. 
(d) > a® convergent = ¥) a, convergent 
n=1 n=1 
151. Which of the following is not true? 155. 


(a) a=b(modm) em|a-b 


(b) a= b(modm)@m|b-a 
(c) a= b(mod m) =m | ab 
(d) None of these 


If a= b(mod m) and m | nthen which is true? 
(a) a=b|(mod m)| (b) ab=mn 
(c) a=bn (d) a# b(modm) 


The relation congruence modulo is on the set of 


integers is 
(a) reflexive (b) symmetric 
(c) transitive (d) None of these 
Which of the following is true? 

(a) 4=2(mod 2) (b) 24=3(mod 5) 
(c) 4=3(mod 3) (d) 6=3(mod 2) 
If a= b(mod m) and c = d (mod m) then 
(a) a+c=b+d(modm) 

(b) a—~c=b-—d(modm) 
(c) ac = bd (mod m) 
( 


d) All of the above 
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MULTIPLE CHOICE QUESTIONS 


i, | (3) 2. (a) 31 (©) 4. (d) 5. (d) 6 
a, | (ab) | 221) | HEL) ey) | ao /@) | ae} da) | ae. 
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HINTS AND SOLUTIONS 


2. (a) a, = 1 12. (c) The nth term of series is 
n 2s, al il 1 
1 Un 
lim a,= lim —=0 n(n+1) n nt+1 
n> co noon 11 
. uy ==-— 
> (ay) is convergent. 1 2 
aoe beer = 1 #1 
Now, > a, = 2, is divergent by p-test for p = 1 Up = a7 5 
6. (a) S, = Sequence of nth partial sum ug = 1oil 
= Sum of Ist n term 3.4 
2 n-1 
bh - 
3 3 3 uU, == 
n n+l 
2 n 
1]1-(2)) ov" Then, S, =uy + Ug +... + Uy 
= =3)}1 
a2 3]t-(3)| -(-2)s(E-2e (3 
3 2 2 3 n n+l 
1 n 
: ; 2\" = i= = 
sin Ss = bo 3|1-(2) n+1 n+1 
2\n *. (S,) where S, = HL sis sequence of n th partial 
=3 : im (2) -0| n+ 
n> o\3 
sum 
> (Sn) is convergent. “. Option (c) is true. 
Therefore, given series is convergent. : oe i = 1 _ 1 
13. (c) The given series is Yun 7 > — Laz 


7%. (96214242 4..42> 


Peer 1 
n > u,, is divergent by p-test npeal<l 
12-1) ony Zita ERED (2-5 <1) 
2-1 
Option (c) is true. 
8. (b) The nth term of series A 
n+1 1 14. (a) u"=—* 
Un = =1l+— ne +1 
n n 
Wh =1 
lim u, = lim (1+2)=140 _— 
N-> co n-> co n 1 
Un = 
P41 
Then by zeorth test, n 
Xu, is divergent. Then, v, = 2 
1 n° 
9. (a) u, = cos — 3 
n . ou : n eee 
* lim —2= lim : = 1= finite and non-one 
lim u, = lim jag POD, NRE Se 
n> co n> n 


By comparison divergent together, 
eee since vp, = es is convergent 
= (Un) is divergent. n? 
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=> Yun is also convergent 


(n+ 1)(nn)" (1 a 2) 


Option (a) is true. ~ nn 
n+1 
38 1 7 
15. (a) The given series is x (-yr-! 5 [(n+ 1) nJ"* 2 + mad ‘| 
/ a/n 
Let y= o f . a" a 
n 1 1 nn 
Th 3 : tonic d fae nA a/x 
en (i) {u,} is mono a ecreasing ¢ + a) n ie : re 
(ii) Jim uy = 8, a n (n+ 1)" a 
a/n 
Then by Leibnitz test Hence, lim ie 
1 11 n>rUnd, € x el” 
n- _ an : 
yD t= ¥( 1) 2 is convergent. 4 
Option (b) is true. en 
iG. Mien jnvi ae Therefore, by D’Alembert test, 
1/2 ¥u_ is convergent if 
= Jn (: + -) - ] i 1 ; 1 
n “Ss Lierx< = 
ex e 
1 (5 = 1) “. Option (c) is true. 
11. 2\2 1 
=Jn|1+—-—+4+ - n 
2 n 2 n2 20.  (c) Let Yun = s_ 
n~+1 
.i 2a rs 
Wn 8 pl2- rere 
Then, un= i 7 xntl 
1= 
‘ met (nt +1 
. ou Dg peat 
i = =—=finite and therefore by oe er xn 7 (n+ 1)? +1 
n>oUuU n> © 72 1 aera | 
comparison test yun and Yn are convergent or — os * 
divergent together. But since all fs (n+ 1)? +1 
a 2 
dun = > is divergent. oo ad 
n/2 9 
1+ : + 1 
= Yu, is also divergent. = lt i a ne 
Option (b) is correct. X N> 0 14 = 
n n 
18.  (c) u,= (a+ nn)" i 
n! =2 
, x 
n+ 
u,tl= ley 7 us 1 : By D’Alembert ratio test, 
+1)! 
> Un is convergent if 
Un _(atnn)" (n+ 1)! 1 
ay nl fase tea thagh es eaten 


Option (c) is true. 
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21. 


26. 


29. 


n 


an 
(c) Letu, = on 


n+1)"t1 
cai s 
2 
n n+1 
lim —Ynx_= jim 7x 2 
n> U,,, n> Qn (n4 art 
' n".2 
= lim 
n> (n+ 1)"(n+ 1) 
= lim 2 
n> co iy" 
(1+=) (n+ 1) 
n 
=" 2021 


By D’Alembert ratio test x Uy is convergent. 


Option (c) is true. 


1 1 
a) Letu, = - 
(a) " (n+l) n+2 


Sy = Uy + Ug +... + Un 


=(3 ;) (; Al 1 1 
+ Ste tare 
2 3.44 n+5 n+2 


oh. 
2 n+2 
' : 1 1 1 
lim s, = lim 7 
n> © noo (2 n+2 2 
Hence, Fup = 5 : 
hol nz (n+ I) (n+ 2) 
= lim s=2 
n> co 2 
= Option (a) is true. 
n+1 
(c) Let Yun => re: 
¥ _nt+l 
"pp 
n 1 
Take be a ea 
lim Une | n+1 nP 
n>2U, noe nPon 


= 1 finite and non-zero 


By comparison test Yn and Yn are convergent 
or divergent together. 


31. 


38. 


: ts 
Since }'v, = >! ol is convergent. 


If p-1>1 >p>2 


Option (c) is true. 


(a) Let Un = >) cos = 


u,, = COS . 
— 
ne 
Take Un = 3 
ng 


cos (=5] 
ne =] 


= finite and 


non-zero 


Then by comparison text Yn and Yn are 
convergent or divergent together. 


F 1, 
Since, }'u, = bac is convergent. 
n 
= uy, is convergent 


* Option (a) is true. 


(c) The given series is 


2 
Yun = Px 


n°+1 
2 
uy = a 
n~+1 
lpg = ee P=] yn 
nt" (ne 1241 
2 2 
lim 4" = lim (v=) x'n 
n>ecunt+1 noe p24] x2n4 2 
(n+1)%4+1 
a i: cea 
(n+ 1)? -1 
oe 1 7 
2% (ne? 1 
im 
n>044 1 1 1 x2 
n (n+ 1)? 
at 
x? 
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39. 


40. 


43. 


Hence, by ratio test, the given series Y4n is 


convergent when = > Lie. re = 1, ratio test fails. 
n 


Now, when r2=1 


2 
U,= 
n~ +1 
1 1-5 
lim u, lim “= lim ut 
n—- co n> 7241 nooz, 1 
2 
2 a4. 
=120 
By zeroth test 
Un is divergent when 
x2 =1 
Option (c) is correct. 
(c) Since 
logs = log (1 + 1) 
fat ee, 
2 3 4 
2 3 
log (1+ n) =x —% 4+ 
: 2 3 
Option (c) is true. 
! n 
(a) Let u, =" 46. 
n 
! n+1 
aa (n+ 1)!2 
(n+ rt! 
Neu ee jets 
Une on” (ng Dy! antl 
(n+ 1) 1 (1+ =) 
nm” 2 2 n 
n 
lim —Yn ae lim (1+ *) 
n> Uns] n—- ce n 
1 
a ae 48. 


Hence, by D’Alembert-test Yun is convergent. 
Option (a) is true. 
(b) Letu” = (2x) = 2x" 


_ 9X +1 cn+1 
Un41 = 2 x 


n n 
lim n= lim ee 
n> Un yy neo gntl n+1 
e bh. 
lim =-= =— 


; : ae | : 
By D’Alembert test, Un is convergent if = > lie. 
1 
xe 


Option (b) is true. 


n? n 
Take Up =P T= 
na-P 
.  U : 1yP a 
lim —2 = lim }1+ —] =12= finite and non-zero 
n>2U, n>0 n 


By comparison test, Y4n and Yen have same 
nature. 


Since, yn 7 Y = 
n 


If q-p>lie.p<q-1 


is convergent. 


Hence, "ur, is convergent if p< q—1 


Option (a) is true. 


3 5 V7 
(d) Since tan7! x =x —%_~ 4 % 6 
3 5 7 
Putx =1 
ented te... 
3 > 7 
= My 1,1 1, 
4 3° 5. 77 
-l,1i_1 0% 
3° 9 4 


which is irrational number. 


Option (d) is true. 


(a) Hereu, = ae 
" (2n=1) 2n 
Let Uy = Z 
n 
lim Un = jim ” on 
n> U ne (2n— 1) (2n) 
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eee ee 


= lim ae finite and non-zero 
01.2 
n 
= By comparison test, Yun and yen have same 


nature. 


Since P'up = Y- is divergent. 


“Sy is also divergent. 


*, Option (a) is true. 


50. (d) t, =\/n°-n 
1 
=n| /1+—-1 
rat 
1/2 
=n](1+ 4) -1 
n 
1 1 
=ni|1l+ 1 
| Qn? 8n* | 
oo 
2n 8n3 
; 1 
Taking v, = — 
n 
cas ob WV  tex 
lim —" = — = finite and non-zero 
nov 


Since Pv, = ¥) = is divergent. 
n 


*, Option (d) is true. 


51. (a) Here, u,, = 2-8... 3n-1 
6n 
— 2:5:5-8...(38n=1)(3n+ 2) 
n+1 ame 
i Un 6n+ 6 
~ lim = hin 
n> Und y n> © 6n(3n+ 2) 


By Ratio test ~ ur is divergent. 


Option (a) is true. 


r ntl 


a Ung. = 
n(n + 1) (n+ 1) (n+ 2) 


53. (a) up, = 


59. 


62. 


67. 


75. 


n 
— Un |= jim n (n+ 1) (n+ 2) 
n> Ser | n> oo n(n+ 1) xntl 
al), # 
x} |x| 


By ratio test, Yun is convergent if ny ie. 
x 


|x|<1 
Option (a) is true. 


(c) The given series is > 


ro 
If r = 1 then series is > A which is convergent. 
Ns 
Options (c) is true. 
(c) Letu, = pee 1 
n(n+]1) n n+1 


Let S,=uy +ug+...+ Up 


eG ee are 


= ome 
n+1 
: , 1 
lim S,= lim |1- =1 
n—- ce n> n+1 


= <S, >is convergent to 1 
*. The given series Yn is convergent to 1. 


(b) Hereu,, = en 


21 
: I/n P an 4 : =n 
lim u," = lim e = lim e 
n-> co n-> n-> co 
=e =0 


= By Root’s test, Un is convergent. 
Option (b) is true. 


(d) The given series is 
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1 : 1 a 
oe = lim 
n> wy k+2k+3 
1 n 
lim So, = lim 1-(5) =1 = lim 1 1 1 
aes nee n>ol3 n+3] 3 
Now, 
Option (b) is true. 
. 1 3 gaat 
on +1 =]1-—]+]1-—]+ 1- +1 1 
2 4 2" = 1 “| (115) p 
101. (a) > = lim y¥ | 
ine napit +2n n> 0 oo) k k+2 
— 1-(5) +1 
2 
_1 | 1 1 1 1 5 
Ce ee 2na~-12 3 nt+1 n+2}] 12 


Since the sum of infinite series oscillates between 1 = Option (a) is true. 


co 


and 2. 121. (c) Since 3, a, is convergent. 
Hence the given series is oscillatory. n=1 
= Option (d) is true. lim a,=0 
F n> © 
76. (a) Here|u, |=nx"~ 
i Ma | and also lim Yn=1 
[un ga [= (nt 1) x” me lim a, 1 
lim @a—1_ ate 
. u : n 1_1 noo Wn lim Yn 
lim n_ y= lim n—> 0 
ne] Uni n>oon+ln x 
eee | 
Y Ju, | is convergent if Ae 1 ie. x <1 which is 1 
m Option (c) is true. 
given. 
nx” 
Hence option (a) is true. 123. (a) u, = Tr 
é ef _qyn-1 1 
77. (a) The given series is = 1) ae ‘ _ ee yrtl xrel 
' n+1 (n+ 1)! 
Let Uy = 
atn | Up, n"x” (n+ 1)! 
— ! +1 +1 
(i) If a> 0, then <u,, > is decreasing et (n+ rr" x” 
(ii) lim u, = lim — 0 = : - 
n> co n>°atn (1+2) x 
By Leibnitz test the givne series is convergent 8 
when a> 0. slim 42 = lim 1 
. . n>eUn,, Nn>2>% \" 
= Option (a) is true. (1 + -) 
n 
79. — (c) See example (15) ty 4 
80.  (b) See example (16) = Xe = ex 
100. (b) § + — -. By D’Alembert test, 


n~ + 5n+6 


Infinite Series 
——SS 


> Un is convergent if 


1 ; 1 
—>sliex<t 
ex 3 


Option (a) is true. 
126. (a) Given that 


n>eo| nl + Bin" 1 + Bon" 2 4... 
(A; — By) + Pe Bas 
= lim ul 
n> © B 
1+ 14 
n 


By Rabbe’s test, the series > uy, will convergent 


if A) -B,>1 


Option (a) is correct. 


127. (a) If}\ a, and ¥" b,, be two infinite series such that 


as by. 
Then if convergent 
= a, is convergent 
while if }° a, is divergent 
= by is also divergent. 
Now if | a, |<| by | 
then }° |b, | convergent 
i.e. > b, converges absolutely 
= )'a, coverges absolutely 
Option (b) is true. 
130. (a) Since bs a, is convergent 


=> lim a,=0 


n- °c 
Let b =, An 
” l-a, 
lim —2= lim (1-a,) 
n> co n> 
=1- lim a, 
n—- oo 
=1 


= tie 8 Bint + y= Balin) cn 


Hence by Comparison test 


yon =>d De is convergent. 


= ay 
Option (a) is true. 
(a) Since if Uxn is convergent 


=> lim x,=0 


n> co 
i Bitte We cae.) 
im x, = lim (x,-Xpy 
n-> co n-> 
= lim n,- lim n,=0-0=0 
n> n—- © 
2 
> x; > Oasn- 


Option (c) is true. 


(b) We have 
2 
(« *| =ue + 2 ">0 
n n n 
= tn =F (ub + 5 
n n 
u 1 2 1 
= yisi(yu+ ZS) 


: 1 F 
Since Yun and ys are convergent comparison 
n2 
Up ; 
test by —" is convergent. 
n 


Option (b) is true. 
(a) (u, - a = u2 + ve — Quy, 2 0 


Lid, 28) 
> Un S : (uy + Up) 


1 
Yuwn S 3 (Suz +02) 
Since os ue and > ve are divergent. By comparison 
test YUwPn is convergent. 
Option (a) is true. 
(b) Since Yn is absolutely convergent 


> Ylun | is convergent 
Now, ¥ lunsil= ¥ lun 
n=1 n=2 


= convergent 
Since, |Uy, + Uj 44 |S lun lt lunar | 


=> Siltnt taser ls} l4al+ ¥ lunes! 
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Since }'|u,, | and }'|u,,, 1 | are convergent, then => uy tugt...+ Ug, 1 >Ug + Ug + ...Ug, 
by comparison test $° |un + Un 41 | is convergent = N2D 
=> Yun + U,,,4) is absolutely convergent. Now, N — uj =ug + us +...+ Ug, 150 
Option (b) is true. > D2=N-u, see(1) 
co > _ = co 
noe vy kk+ Finally 1|= “Ver pee 
oy , D D D 
= | -—- fo) 
Roe » E k+ 5] > Oasn = 
= _ N 
a lim a 
co 53 
-ie §(0-4)-(1-4+..(0-2 
n> 0 77 2 2 3 n n+l . : Uy + U3 +... + Ug, 4 
k=1 i.e. lim =1 
1 n> Ug tug t...+ 4, 
= lim |1- =] : : 
eee n+1 Option (c) is true. 
2 2 2 
Option (b) is true. 143.) Teta SS ee 
n 2 2 2 
3° 5 (2n + 1) 
140. (b) Leta, = 
n(n+ 1) ; 2 
= >( 2n ) | 1 
n n+l 2n+1 142 
2n 


Let S,, is sequence of nth partial sum of > Ay. 


Sp = 4 + dg t+ ...+ Ay n-> 00 
-(4)+(; a) tt T2 1 => lim u, #0 
2 2 3 n n+l n> ee 
Seats > yen is divergent by nth term test. 
noo nt+1 .. Option (b) is true. 
Option (b) is true (a: ©) Laas 
1 " (n? + n)? 
141. (b) Leta, = 
ned) Take tip oe 
= 1 _ 1 Ng ng 
n n+l 
~ lim 4 = lim ened xn 
Let S,, is sequence of nth partial sum of > Gy: n>eU, n> (n2 4 n)2 
S, = + dg t+... + a, = hy (2n + 1) 
f 1 } (; 1 } 1 1 n> ce 1)2 
=}/1-=]+]=-—=]+...4+]-—- 142 
2 Zz. to n n+l ( “| 
=< 1 = 2 = finite and non-zero 
1 
ia By comparison test, Yun and Yn are convergent 
lim S,= lim |1- #2 1 or divergent together. 
n> co n> oo n+1 1 1 1 
Since, Py, = YZal+jtat..e 
= {S,} is convergent and convergent to 1 ne B 38 


— py A, convergent to 1 Converges to number greater than 1. 


142. (a) Suppose Yun be divergent series. - yu, huciassiesimbert 
Let H =u, +ugt...+Ug, 4 : . 
Option (b) is true. 
D =uyg + Ug t+... + Ug, O00 
Since uy > Ug,Ug > Ug ,...; Ug_— 1 > Uy 
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BINARY OPERATION 
Let G be a non-empty set. A map 0:Gx G> Gis 


G 
o(a, b) 
= aob 


called binary operation on G 


Gxa 


Thus, o is binary operation on G if 
aobeG,Va,beG 


Unit-ll 


Groups 


Important Facts 


1 IfaobeG,V a, be G Then we also say that G 
is closed w.r.t operation o. 


2. The number of binary operation on set 
containing n elements 


=n 


Solved Examples 


If G={1,-1} then which of the 
following operation is binary operation on G? 

(a) Addition (+) (b) Subtraction (—) 

(d) None of these 


Example 1: 


(c) Multiplication. 

Solution: Let G= ({l,-1} 
(a) leG-leG => 1+4+(-1)=0¢€G 
=> Addition (+) is not binary operation on G. 
(b) leG(-NeG => 1-(-1)=2¢G 
=> Subtraction (—) is not binary operation on G. 
(c) leG(-lbeG => 1-(-1)=-1¢G 
=> Multiplication (-) is binary operation on G. 


Hence option (c) is true. 


Example 2: The number of binary operation on 


set containing 2 elements is 
(a) 2 (b) 3 
(c) 4 (d) 16 
Solution: Here n=2 
.. The number of binary operation 
= = 94 =16 


= Option (d) is true. 


Groupoid 
A pair (G, o) where Gis non- empty set and ois binary 
operation on Gis called groupoid. 


CN, ALAN 5) (2, 4 2 yh (OQ) +) (59, 
(Q, -), (R, +), (R , -), (R, —) are examples of groupoids. 


Example 1: 


Semigroup 
A pair (G, o) where G is a non-empty set and o is 
binary operation on G is called semi group if 


ao(boc) = ao(boc), V a, b, ce G. 
(N, +), (N > ), (Z, +), (Z > ), (Q, +), (Q, ), 
(R, +) and (R, -) are semigroup. 


Identity 


Example 2: 


An element e; of a semi group (G, o) called left identity if 
ejoa=a,VaeG 

Similarly, e, is right identity if 
aoe, =a,VaeG. 


An element e € Gis called left as well as right identity 
on Gif 


eoa = aoe=a,VaeG. 


In this case, we say e is both sided identity. 


Example 3: The semi-group (N, +) has no identity 
wither left or right. 


Example 4: The semi-group (Z, +) has identity o 


because 
a+o=ota=a,VaeG. 


aL If semi group (G, o) have more than one left 
identity then it has no right identity. 


2: If a seni group (G, o) possesses a left identity e, 
and right identity e, then e; = e,. 

Monoid 

A semi group with identity is called monoid. 

(Z, +), (Q, +), (R, +) and (C, +) are all 

monoid with identity element o. 


Example 1: 


Example 2: (N,_),(Z ,-),(Q,-), (R,-) are all monoid 
with identity element 1. 
GROUP 


A pair (G, o) where G is a non-empty set G and 
operation o is said to be group if the following 
conditions are satisfied: 
1. Closure Property : 

Gis closed w.r.t oi1.e. abe G,V a,beG 
i.e. 


2. Associativity : o is associative 


(aob)oc = ao(boc), V a, b, ce G 
a: Existence of Identity : 
To each ae G, Jan element ee Gsun that 
aoe = eoa =a 
4. Existence of Inverse: 


To eachae G, dan element a! € Gsuch that 


The element a is called inverse of a. 


ABELIAN GROUP OR COMMUTATIVE GROUPS 
A group (G, o) is said to be abelian if 


aob = boa, V a, be G 
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ORDER OF A GROUP 


The number of elements in a finite group G is called 

order and is denoted by o(G). 

The order of infinite group is called infinite or zero. 

Examples of Groups: 

Examples from Numbers: 

Example 1: Let N be set of natural numbers then 

where N = {1, 2, 3,...}. 

(N, +) is semigroup 

(N, —) is not groupoid 

(N, :)is semi group with indentity 1 i.e. monoid. 

(N, +) is not groupoid because division of two 
natural number is not natural number. 

Hence, (N, +), (N, —), (N,-), (N, +) are all not group. 


Example 2: Let Z={0,+1,+2,+3,...} be set of 


integers. Then, 

(i) (Z, +) is an abelian group with identity o. 
(ii) | (Z, —) is groupoid. 
(iii) (Z,-) is semi group with identity 1. 
(iv) (Z, +) is not groupoid. 

Example 3: Let Q = Set of rational numbers then 
i) (Q, +) is an abelian group. 

ii) 


( 

( Q, -) is groupoid. 
(iii) 

( 

( 


Q, -) is semi group with identity 1. 
Q*,), where Q* = Q— {0} is group. 
Q, +) is not groupoid. 


( 
( 
iv) ( 
v) ( 
Example 4: Let R = Set of real numbers then 
i) | (R, +) is an abelian group. 
ii) 


( 
( 
(iii) 
( 
( 


(R, —) is groupoid. 

(R, -) is semi group with identity 1. 
iv) (R*,-), where R * = R — {0} is an abelian group. 
v)  (R, +) is not groupoid. 
Example 5: Let C = Set of complex number then 
(i) | (C, +) is an abelian group. 
(C, —) is groupoid. 


(C, -) is semi group with identity 1. 


Groups a 


(iv) (C*,-), where C*=C-—{0O} is an abelian 
group. 

(v) 
Example from Power Set: 

Example 6: Let X be a non-empty set and P(X) be 
power set of X i.e. P(X) = Set of all subsets of X then 


(C, +) is not groupoid. 


i) {P(X), U} is semi group with identity 6. 
ii) {P(X) 
{P(X), —} is only groupoid. 


’ 
’ 


O} is semi group with identity X. 


{P(X), ®} is an abelian group with identity o 
such that each element of P(X) has self inverse. 
Examples from Roots of Unity: 

Example 7: The set of alln, with n" root of unity is 
an abelian group with respect to multiplication. 
Particular Case: 


1. The set G=({1} is an abelian group w.r.t 
multiplication. 

2. The set G = {1, — 1} is multiplicative group with 
identity = 1. 

3. ThesetG=({l, uv, w”} is an abelian group w.r.t 
multiplication with identity =1 and t= 1, 
wo w?, (w2)t =U. 

4. The set G= {1, —- 1,i, -i} is an abelian group 
w.r.t multiplication with identity = 1 and 


174 =1, 1)? = 1), 7? = i), i = (a) 


GROUP OF RESIDUE CLASS: i. 
Definition Congruence: 


Let m be fixed positive integer. The relation congruent 
modulo m written as C = (mod m) is defined in Z as 
follows: 


Leta, be Z, then we say ais congruent to bmodulom 
ifm|a—bi.e.a=b(modm)am|a-b 


ora=b(modm e@a-— b=kmforsomek e€ Z. 
The integers m is called modulus of congruence. 


Example 1: (i) 4 = 2 (mod m) because 2| 4 — 2 


(ii) 24 = 3 (mod 5) because 5} 24 — 3i.e. 5] 21 
Remark: The relation of ‘congruence modulo m’ is an 
equivalence relation. 

Equivalence Class 


The equivalence class determined by ae Z is denoted 
by [a] or a and is defined a, 


[a] =a = {bez o:b=a(modm)} 
= {bez o:m|b-a) 
= {bez:b-—a=km,kez} 
= {fat+km:kez} 
Hence m distinct equivalence classes are: 
[0] = tkm:k € z} 
= {0,+m, + 2m, + 3m, ...} 
(1] = {1+ km:ke z} 
= {1,l1+m,1+ 2m,...} 
[2] = {2,2+m, 2+ 3m,...} 
[Im -— 1] = (m-1,(m-1)+m,(m—-1) + 2m...] 
The set [0], [1], [2], ..., [m-— 1] are called residue 
classes, mod m and the set of residue classes mod m 
will be denoted by Z,,. 
Thus, Z,, = {[0], [1], [2], ...,[m— 11} 
Example 2: _ The residue classes modulo 4 are: 
[(O]= {4k :k ez} ={-8, -4,0,4,8,12,...} 
(={4k +1ikez}={...-7,-3,1,5,9,13...} 
[2]={4k +2:kez}=t...-6,-2, 2,6,10,14,...} 
[3]= {4k +3:kez}=t..-5,-1,3,7,11,15...} 


Thus, Z4 = {[0], [1], [2], [3]} 


SUM AND PRODUCT OF RESIDUE CLASS MODULO m 


Let m be positive integer then 
Z m = {(0), [1], [2], ... [a] —-[b]...[m-1]} we define 


the sum 


ete ai ifa+b<m 
[r] ifa+b=>m 


where r is least non-negative remainder when a + bis 
divided by m. In the same way 


de ab] ifab<m 
an — ti if ab>m 
Remark 
(i) [a]=[b] & a= b(mod m) 
(ii) [-a]=[m- a] 
Theorem 


The set of residue classes modulo m is an abelian 
groupi.e. (Z,, , +) is an abelian group and O (Z,,,) =m 
Let Z4 = {(0), [1], [2], [3]} 

Then (Zg, — 1) is an abelian group with identity = [0] 
and (0"* = [0], (1°? = (3), (21"* = (21, (31°? = (1). 


Example 3: 


Remark 

1. (Z m, .) is semi group with identity [1]. But it is not 
a group because inverse of each element in Z,, 
does not exist. 


2. (Z,,,-) where p= prime is an abelian group. 


p? 
INTEGRAL POWER OF AN ELEMENT OF GROUP 
Let (G, O) be a group and ae G, we define 

a’ =e (identity of — G) 


a’ = aoa 


a® = aoaoa etc. 


Hence, forn>0O 
a" =aoaoa...oa 
ee eG 
ntimes 


a"=(a4)"=aloaloalo...oa} 


ntimes 


Remark : If G be a group w.r.t addition then 
a"=a+at+a+...t+a=na 


Example 3: Let(Z, +)be a group, then which of the 


following is true? 


(a) 1" =n (b) 1" =1 
(c) 1" =0 (d) None of these 
Solution : In (Z, +) 
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17=14+14+1+4+...4+1 
=n 
.. Option (a) is true. 
Important Facts 
1. If each element of group G is its own inverse 
i.e.a" = e, V ae G. Then G is abelian. 
If G is abelian then (ab)* =a? b*. 


3. A group containing 4 or less than 4 is 
necessarily abelian. 


SUBGROUPS 


Definition (Sub group) 


A non-empty subset H of a group G is said to be 
subgroup of G if it is itself a group with respect to 
induced binary operation. Thus, if H is a sub group G 
then abe HV a, be H. 

Note: A subset of group need not be a group. 
Example 1: (i) (Z, +) is subgroup of (Q, +). 

(ii) (Q, +) is subgroup of (R, +). 

(iii) (R, +) is subgroup of (C, +). 

(iv) (N, +) is not subgroup of (Z, +). 

Example 2: Let (Z, +) be a group then 

(2Z, +), (3Z, +), (4Z, +), ..., (mZ, +) are all subgroup 
of (Z, +). 


Example 4: Let G= {1, - 1, i, — i} be multiplicative 
group then which of the following is subgroup of G ? 
(a) H = fl, - 1} (b) H = 1, -1, 3 

(c) H = 4, -1, - i} (d) None of these 
Solution: SinceH = {1, — 1} isalso groupw.r.t. multiplication 
ie. (H,.) is group 

=> H = {1, — 1} is subgroup of G. 


* Option (a) is true. 
Improper and Proper Subgroups 


Let G be group with identity e. Then {e} and G are 
always subgroups of G called improper or trivial 
subgroup of G. The subgroup of G other that {e} and 
Gare called proper or non-trivial subgroups. 


Groups <a 


Important Facts 

1.‘ The identity in subgroup H is same as the 
identity in group G. 

Z. The inverse of ‘a’ in subgroup is same as the 
inverse of ‘a’ in group G. 


ey A non-empty subset H of a group G is subgroup 
© aeH,beH = abeH and aceH = 
ateH 


4. Let Gis an additive group, then, H is subgroup 
of Gea,be H>a-beH 
acH>-aeH 


oD: A non-empty subset H of a group G is subgroup 
eaeH,beH >ab!eH 

6. If G is additive group then H is a subgroup of G 
eaeH,beH,>a-bedH. 
Intersection of two subgroups is a subgroup. 


Intersection of family of subgroups is a 
subgroup. 


9. Union of two subgroups need not be a 
subgroup. 


10. If H; and Ho are two subgroups, then 


H,UH, is subgroup = H,CHo or 
H9 = Ay 
Number of Subgroups of (Z,,, — 1) 


The number of subgroups of Z,,, = Number of divisor 
of m 


Example 3: The number of subgroups of Zg 

= Number of divisor of 8 

=4 (1, 2, 4, 8 are divisor of 8) 
Centre of a Group 


Let G be a group, then centre of group G is denoted 
by defined as 


def 
Z(G) == {xe G:ax = xa; Vae G} 


i.e. Z(G)=Set of all elements of G which 
commutes with every element of G. 


Important Facts 
1, If G is an abelian group then 

Z(G) = Centre of group G=G. 
Zz The centre of group G is a subgroup of G. 
Example 4: 1. (The centre of group Z,,=Z,, 
because Z,, is an abelian group) 


2. The centre of transformation group T (X) 


ie. Z {T(X)} =I = Identity for T(X) 


NORMALIZER OF AN ELEMENT OF A GROUP 
Let G be a group and ae G then normaliser of an 
element a is denoted and defined as 


N(a) a {x € G: ax = xa} 


i.e. N(a)=Set of all those elements of G which 
commutes with ‘a’. 
Important Facts 


1 Z2G= a No) 
aeG 


2. If G be an abelian group and ae G. 
Then N(a)= G; Vae G 

3. N(O) is subgroup of group G. 

Complexes of a Group 


Any non-empty subset of a group G is called a 
complexes of the group G. 


Note : Every subgroup of group G is complexes of G but 


every complex is not necessarily a subgroup. 

Example 1: The set N is complexes of group (Z, +) 
but it is not a subgroup of Z. 

Product of Sets: Let H and K are two non-empty 
subset of a group G. 

Then, HK = {hk :he H,k € K} 

is called product of H and K. 

Note : HK is subset of Gi.e. HK < G. 


Inverse of a Set : Let H be a non-empty set of 
group G 
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Then H71= {h7!:he H}is called 


inverse of H. 
Note : H =A cG 
Important Facts 


1. If H and are K are only two complexes of a 
group G. 
Then, (HK)! = K-! H* 

2. If H be any subgroup of group G 
then H-!=H , but converse is not true 

3. Anon-empty subset H of a group G is subgroup 
of G = HH7!=H 


4. If H and K are subgroup of group G, then HK is 
subgroup of G @& HK = KH. 


5. In general HK is not subgroup of group G but if 
group G is abelian then HK is subgroup of G. 


ORDER OF AN ELEMENT OF GROUP 


Definition (Order of an Element) : An element 
‘a’ of a group G is said to be order n if n is least 
positive integer such that 


a” = e(identity of G) 
If element ‘a’ is of order n then we say 
o(a)=n or |a|l=n 


If no positive integral power of a is equal to the 
identity e, then ‘a’ is said to be infinite or zero order. 


Note: The order identity element e in any group is 1, i.e. 
oe) =1 
and identity is only element in group where order is 1. 


Example 5: Find order of each element in 
multiplicative group G = {1, - 1, i, — i} 


Solution : Since 1 is identity 


. oj=1 
Now, ( 1)? =( Y(-I)=1 => o(-l)=2 
i? =-1,i3 =-i,ig =1 Sof) =4 
(a*=1 > ()=4 


Example 6: Find order of each element in group 
Zpte 
Solution: Z, = {0, 1, 2, 3, 4, 5} 
Here, 0 = Indentity 
O(0) =1 
Now, (1) =1+1+1+1+1+1=6=0 


= Identity 
= O(i)=5 
(°=2+2+2+2+2+2-12-0 
=> O2)=6 
(3)4 =3+3+3+3=12-0 
=> O(3)=4 


Similarly, (5)° = 30 = 0 
> O(5) = 6 
Example 7: Find order each element in (Z, +). 
Solution: Z = {0,+ 1,+ 2....}, where 0 = identity 
O(0) =1 
LetleZ 
1? =141=2 2 =14+141=31"=n 


Hence, there is no positive integer n such that 
1” = 0 (identity) 


*. Q(1) = Infinite or zero. 


Similarly, each non-identity element in (z, +) is of 
infnite order. 


Important Facts 

1. For elements a, b, x in a group G 
O(a) = O(a) 

O (a) = O (x Tax) 

O(a") < O(a) 

O (ab) = O (ba) 


If ae G be only element of order n then 
ae z (G), the centre of group G. 


If there exist a positive integer m such that 
a™ = e then O(a)<m 


(vi) 


2. The order of each element of a finite group G is 
finite and if group G be an infinite group, then 
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order of an element of G may be finite or Example 9: Let G be group and a, be G. Suppose 
infinite. ab = ba 

3. If‘a@’ isanelement of group Gand o(G)=nthen and _ o(a)=100, o(b) = 60 

suppose a = p°. Find order of ab. 

Solution: (a) = 100 > a! =e wall) 


a" =e Oa)|mie.n|m 


4. If G be finite group andae G 


Then o(G)| 0(G) 
and a%©) = e = identity 


If G be finite group and ae G 


ob) = 60 > b® =e 


Since, a0 = p® 


=> 
Then, 0 (a”)= —— = a — 469 ~ eby Eq.(1) 
; 2 100. 

where {O(a), n} = g.c.d. of o(a) and n (a) = taa",..., a" = e} 
Hence, in particular, (b) = {b, b’, ..., b°° = e} 

o(a") = o(a) if o(a) and n are relatively prime. GAi=t4 
Let G be a group and a,beG such that Since, ab = ba 
o(a) = m, o(b) =n and Then, o(ab) = L.C.M. of o(a) and o(b) 
(i) ab = ba = [100, 60) 

(ii) (a) A (b) = {e} i.e. subgroup generated by [a] = 300 


and [b] have one element common i.e. identity 
The o(ab) = L.C.M. of m and n 


Example 10: Let a be an element group G such 
that o(a) = 15 Find order of following elements 


= [m, n] . a ee 
= [o(a), o(b)] (i) a",a°,a 
If m and n are coprime (ii) a®, a 


Then o(ab) =m-n. 


8 


(iii) a’, a‘, a 
Example 8: Let Gbea group containsaandbsuch_ Solution: Given that o(a) =15 
that | a| = 4, | b|=2 and a°b = ba Find (ab). 


Since o(a”) = _ ola) , where {o(a), n} = g.c.d. of ofa) 
Solution: |a|=4 => a* =e ..(1) o(a), n} 
2 and n 
be aa: 3 of) _ 15 _15 
(i) «* ofa?) = = = 
and given that {o(a), 3} (15,3) 3 
a°b = ba ...(2) o(a®) = 21) 15 _ 15 


Now, consider (ab)? = abab 
= a(ba)b 
= a(a°b)b by Eq. (2) 


= a‘b* = ee by Eq. (1) 


=e 
(ab)? =e 
=> |ab| = 2 


5) oa) — 15 _15_ 
{o(a), 5} (155) 5 


Similarly o(a?°) =3 
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HOMOMORPHISM AND ISOMORPHISM OF 
GROUPS 


Definition (Homomorphism): Let (G,, 0,) and (Gp, 09) 


be two groups. A map f : (G,, 0;) > 
homomorphism if 


f (ao, b) = f(a)oof(b) Va, be G, 
Types of Homomorphism: The homomorphism 
f : G, > Go is called: 
(i) monomorphism if f is injective (one-one). 
(ii) 
(iii) 


Isomorphism Groups: A group (Gj, 03) is said to 


(Gp, O») is called a 


epimorphism if f is surjective (onto). 


isomorphism if f is bijective (one-one onto). 


be isomorphic to group (Go, 09) if there exist an 
isomorphism from (Gj, 04) to (Gg, 09). 


In symbolically we write 


G = Go 
Example 1: Let (G,, 0,) and (Gg, og) be groups, e, 
and e, be corresponding identities. Then 
f :G, > Gy as 


f(a)=e9, VaeG, 
is homomorphism. 
From this example, we can say that there always exists a 
homomorphism between any two groups G, and Gg called 
zero homomorphism. The other homomorphism is called 
non-zero Homomorphism. 
Example 11: Let f:(R*,:)>(R,+) defined as 
f(x) = log, x, Vx € R* is an isomorphism. 
Solution: Let x, ye R* 
Then f(x-y) = log, xy 
=log, x + log, y 
= f(x) + fy) 
=> f is homomorphism 


fis one-one : Consider f(x) = f(y) where x, ye R* 


> logx =logy 

=> log x - log y=0 

=> log * = log 1 
y 


=l1 > x=y 


4 
<< |X 


= fis one-one 

Also, f is onto 

Hence, f :(R~!,) 3 
(R*,}) 


(R, +) is isomorphism 


=(R, +) 


Properties of Homomorphism 


Theorem: Let (Gj, 01) and (Go, 09) be groups and 
f :G, — Gy a homomorphism. Let e, be identify of 


Gj and eg be identity of Gp Then 


1. fley)= 
2. fla )=[f@rt 
3. f(a")=[fla)]",VaeG. 


Example 12: Let f : (Z, +)— (Q*, -:) where 
Q'=Q- 
(i) FO) (ii) f(2-1) if fa=% (iii) f (3)if f @)=—-1 


{0} be homomorphism then find 


Solution: (i) Since, identity of (Z,+)=0 


and identity as (Q*, -) = 


f(0) =1 
(i je) =1ar = (2) ra=s| 
=3 [inverse of 5] 
3 
(iii) Since, f :(Z, +) > (Q*, -) is homomorphism 
f(x + y) = f(x): fly), Vx, ye Z 
Now, f(3) = f(2 + 1) = f(2)- f() 
— f(2) [f0) =- 1 
— f(l+}) 
— f()- f) 
= : J)-(-1)}=-1 
Here, f(3) =—- 
Observations: 
1. The composition of two isomorphism is an 
isomorphism. 
2. The relation of isomorphism is an equivalence 


relation in the set of all groups. 
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3. If f:G,— Gg be an isomorphism. Then 
ie Gy — Gy is an isomorphism. 


4. The homomorphic image of a subgroup is a 
subgroup and the inverse of subgroup is 
subgroup. 


3 Homomorphic image of abelian group is 
abelian but converse is not true. 

Kernal of Homomorphism 

Let G,; and G» be groups and f:G;— Gog be 

homomorphism then kernal of f is defined as 


def 


kerf {x € G1: f(x) = eg (identity of G2)} 


kerf =f" ({ep}) 
Note: Since, f(e;) = e9 = e, € ker f 
ker f = 0. 
f:Gy—> Gy be group 
homomorphism, then ker f is subgroup of Gy}. 


or 


Observations: 1. If 


2. If f : Gy Go be group homomorphism then f 


is injective (one-one) 
eS kerf = {e1}, where ej is identity of Gy 


Example 13: Let (R*,-) be group of non-zero real 


number under multiplication and 
f :(R *-)—- (R*,,-) be map defined as 
(i) fx)=x? (ii) fc)= x? (ili) f(x) =|x | 
Show that f is homomorphism and find ker f. 
Solution: (i) f :(R*,-) > (R*,-) as f(x) =x? 
Let x, ye R* 
flx-y) = (xy)? = x?y? = fx) fly) 
= f is homomorphism 
and hence 
kerf = {x e R*: f(x) =1 (identity of R*)} 
= eR*:x? =1} 


={xeR*:x=+]} 
kerf = {1,- 
(ii) Consider f(x) = x3 
Note that f is homomorphism. 
Now, kerf = {xe R*: f(x) =1} 


={xeR*:x2=}} 
Now, xe°=1 = x°?-1=0 
=>  (x-I(x?+x+1)=0 
> cel xe ltiv3 gre 


kerf = {xe R*:x= 


kerf = {1} 
(iii) Consider f(x) =|x | 
Letx,yeR* = f(x)=|x|, fv=ly| 


Consider f(xy) =| xy | 
=|x|]y| 
= f(x) fly) 
= fis homomorphism 
Now, kerf = {x e R*: f(x) =1} 
={xeR*:|x|=D 
={xeR*:x=1-]} 
kerf = {1, -1} 
Example 14: Define f:(Z,+)—~> (Zm,+) as 
f(@)=a,VaeZ 
Then show that f is homomorphism and find ker f. 
Consider 
f :(Z, +) > (Z,,, +) as 
fla)=a, VaeZ 
(i) f is homomorphism 
Let a, be Z, then f(a) =a, f(b) = b 
 fla+ b)=at+ b=a+ b= f(a)+ f(b) 


Solution: 


= fis homomorphism. 


(ii) kerf: 

ker f = {ae Z: f(a) = 0 (identity of Zinly 
=faeZ:a=0} 
= {ae Z:a=0(modm)} 
={aeZ:m|a|} 
= {aeZ:a=mk,keZ} 
= {mk :k eZ} 
=mZ 

: kerf =mZ 
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Definition Endomorphism: A homomorphism 
from a group (G, o) to itself is called an endomorphism 
of (G, 0) i.e. a homomorphism f :G-— G is called 
endomorphism. 


The set of all endomorphism of (G, o) is denoted by 
End G. 


Thus, 


d 
End G Ba {f | f :G— Gis homomorphism} 
Remark: End G is semigroup with identity with 
respect to composition of maps. 


Definition Automorphism: An isomorphism from 
(G, o) to itself is called automorphism of (G, o). 


i.e. An isomorphism f : G—> Gis called automorphism. 


The set of all automorphism of (G, o) is denoted by 
Aut G. 


Thus, 


d 
AutG = {f | f :G— Gis an isomorphism } 


Remark: Aut G is a group with respect to 
composition of maps. This group is called group of 
automorphism of (G, o). 


CYCLIC GROUPS 


Definition: Cyclic group: If the group G is such that 
ae Gsuch that 


G={a":ne N} 

Then G is called cyclic group and ‘a’ is called the 
generator. 

Notation: If a cyclic group generated by an element 
‘a then we write. 

G=[a] G=(a) 

Remark: Cyclic group may have more than one 
generator. 


or 


Example 15: The multiplicative group G = {1, o, wo} 
is cyclic where is cube root of unity. 


Solution: G = {1,@, 07} 


Since, wo =1 


G= {10,07} = 0,07, 07} 

= Gis cyclic group generated by w. 
Also, G= {0, (0”)?, (o”)3} 

= Gis cyclic group generated by we. 

Hence @, w” are two generator of G. 
Example 1: (Z,,,, +) is cyclic group where Z,,, = residue 
classes modulo m. 
Example 2: (Z, +) is cyclic group with 1 and -1 are 


generator. 


IMPORTANT FACTS 

1, Every cyclic group is abelian but converse is not 
true. 

2. If‘ a’ is generator of a cyclic group G then atis 
also generator of G. 

3. The order of cyclic group is same as the order of 
its generator. 

4. _ A finite group of order n contains an element of 
order n must be cyclic. 
Every subgroup of cyclic group is cyclic. 
Non-cyclic group may have cyclic subgroups. 
If G = (a) be infinite cyclic group generated by a 
then a and a! are the only generator of G. 

8. If G be cyclic group generated by ‘a’ of order n 
then a? is generator of Gif and only if (p, n) = 1, 
i.e. p and n are relatively prime. 

9, Any infinite cyclic group is isomorphic to the 
additive group Z of integers. 

10. Any finite cyclic group is isomorphic to additive 

group Z,,, for some positive integers. 

Euler’s Phi Function: The function 6: N> N 

defined as 6(n) = 1 whenn = 1 

and if n>1, 6(n)= number of positive integer less 

than n and co-prime to n is called Euler’s-phi 

function. 

Example 1: 0(1) = 1, 6(2) = 1, (3) =2 
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(.: 1 and 2 are +ve integer less than 3 and co-prime IMPORTANT FACTS 
to3) 1. He =eH =H, where e = identity of G 
(4) = 2 i.e. H is left as well as right coset of G. 


es If ae Gis also in H then aH = Ha=H. 
Remark: 1. If p is prime then 6(p) = p-1 
If G is abelian group then Ha = aH; Vae G. 


(Q)and $(p") = p’ po 4. If H is a subgroup of a group G and a, be H 
2: If m and n are co-prime then then 
(mn) = o(m) O(n) Ha=Hb «= ab‘leH 
Example 2: (100) = (57. 2°) = 6 (52) (2°) aH =bH «abeH 
= (5% — 5)(22 — 2) 5.  LetH be subgroup of a group G. Then any two 
=20x2=40 right (left) cosets of H are either disjoint or 


identical. 
Number of Generator: If G be cyclic group of 


order n generated by ‘a’ then there are (n) singleton Let H be subgroup of group G then there is a 


generator of G, where ¢ is Euler’s function. one-one correspondence (bijective map) 
between any two right coset (left cosets) of H 
Example 1: The number of singleton generator or inG 


cyclic group of order 100 = (100) = 40 


Example 2: If G be cyclic group of order 8 such that INDEX OF A SUBGROUP 
2 3 8 Let H be a subgroup of a group G. Then the number 
G={a,a“,a”,...,a° =e} a ; : : 
of distinct right coset (left cosets) H in G is called 


Then the number of generator index of H in G. It is denoted by [G: H]. 
= (8) = o(2°) = 23 - 2? =8-4=4 Thus, 


[G: H] = Number of distinct right (left) cosets of 
HinG 
Example 1: Let G=(Z, +) and H = 2Z be subgroup 
of group G. 


Number of Subgroups of Cyclic Group: 
The number of cyclic group of order m 


= Number of positive divisor of m. 


Example 16: Find the number of subgroup of Then HandH + lare only distinct right coset of H in 


cyclic group of order 6. G. 
Solution: The number of subgroup of cyclic group of ©. [Z2222)|=2 
order 6. Remark: [Z:mZ]=m 


= Number of positive divisor or 6 


=4 


i.e. index of mZ in Z =m. 


Lagarange Theorem: The order of every subgroup 
COSETS OF A GROUP of finite group is divisor of the order of group. 


Let H be asubgroup of group Gand ae Gthen coset. EEENNENA Let G be group of order 10 then 


aH = {ah :he H} is called leftcoset of H in G Improper cannot be any subgroup of G of order 3, 4, 
and Ha={ha:heH}iscalledright cosetofHinG 7, 8or9. 


IMPORTANT FACTS ON LAGRANGE THEOREM 


1. The order of every element of a finite group Gis 


o(a) 


a divisor of the order of group i.e. ——, where 
o(G) 


aeG. 
2. If Gis finite group and ae¢ G then a?) = e, 
3. Converse of Lagarange theorem is not true. 
4. If G be finite ae and H be subgroup. 
fo) 
then [G:H]= oa 
5. — A finite group of prime order does not have any 
proper subgroups. 
6. Every finite group of composite order possesses 


proper subgroups. 
[G:H 7 K)<[G:H]-[G:k] 


If H and K are subgroup of finite group G then 
o(HK) = o(F) ofk) 
o(H Ak) 


Note that HK may not be subgroup of group G. 


NORMAL SUBGROUPS 


A subgroup H of a group Gis normal if any one of the 
following condition is satisfied: 


1. xH =Hx,VxeG 
i.e. left cosets = right cosets 

2. xhx leH,V¥xeGheH 
xHx!=H:Vxe G 

4. The product of two right cosets of H in G is 
again right cosets of H in G. 

Example 1: (i) (Z, +) is normal subgroup of (Q, +). 
(ii) (Q, +) is normal subgroup of (R, +) 
(iii) All subgroup of (Z, +) ie. 2Z, 32, 4Z... 

mZ are normal subgroups. 
Improper and Proper Normal Subgroups 


Let G be a group then G and {e} are always normal 
subgroup of G. These normal subgroups are called 
improper or trivial normal subgroups. Other normal 
subgroups are called proper normal subgroups. 
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Simple group: A group G is said to be simple if it has 
no proper normal subgroups. i.e. only normal 
subgroup of G are {e} and G. 


Example 2: Z3, Zs are simple group. 


Example 3: Prime order group is simple. 


IMPORTANT FACTS 

1. Every subgroup of abelian group is normal. 

2: Non-abelian group may have normal 
subgroups. 

3. Intersection of any two normal subgroups of a 


group G is a normal subgroup. 

4. The centre of group Gis normal subgroup of G. 

5. If f :G— G’ be homomorphism, then kerf is 
normal subgroup. 

6. If H and K are subgroup of group G and one of 
them say H is a normal subgroup then HK is a 
subgroup of G. 

Quotient group: Let H be normal subgroup of 

group G. 

Consider G/ H = {Ha:ae G} 


= Set of all right coset (or left cosets) 
of H inG 
Then G/H forms a group w.r.t. multiplication of 
cosests. 
This group G/H is called quotient group or factor 
group. 
Remark: 
1. The identity of quotient group G/H is H. 
(G) 


=a 
2. o(G/H)= o(H) 


IMPORTANT FACTS 


1. The quotient group of an abelian group is 
abelian but converse is not true. 

2. The quotient group of cyclic group is cyclic but 
converse is not true. 
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3. If H be normal subgroup of group G such that 
the index of H in G is a prime number then 
G/H is cyclic. 


FUNDAMENTAL THEOREM OF HOMOMORPHISM 
Let G and G’ be two groups and f:G—>G’ a 
homomorphism of G onto G’ then 

G/keff = G’ 

OR 
f(G) = G/ keff 

Second Isomorphism Theorem: If H and K are 
normal subgroups of group G such that H c K then 

G _ (G/H) 


K_ (K/H) 


Third Isomorphism Theorem : If K is a normal 
subgroup of group G and H be any subgroup of 
group G then 
1. H «© K is normal subgroup of H. 
H _HK 
HaK K~ 


PERMUTATION OR SYMMETRIC GROUPS 


Permutation : Let S be non-empty finite set then 
one-one onto mapping f:S—S is called 
permutation. 


The number of elements of finite set S is called the 
degree of permutations. 
Notation for Permutation 


Let S= {ajy, ag,..., a,} be a finite set containing n 
elements. If f:S—> S is one-one onto then f is 
permutation of degree n. 


Let f(a) = by, flag) = bo,..., flay) = by, 


Symbolically we can write it as 
fx ay a9... An 
by bo... by 
Each elements in the second row is f images of the 


elements of first row. 


Example 1: Let S= {1, 2} be finite set containing 2 
elements. 


1 2 1 2 
Then fi=[1 2) =(; ‘| 


are two permutations of degree 2. 


Number of permutation: If S be set containing n 
elements, 


then number of permutation of S = "P,, =n. 


PRODUCT OF TWO PERMUTATION 


Let S={1,2,3,...,n} and f-( 


( 2 ..0Nn 
and g = 
g(1) g(2) ... g(n) 


then product of f and g is defined as 


1 2 ..n 
f(1) f(2) ... f{n) 


be two permutation on S 


def ( 1 2 n 
a{f(l)} gtf(2)} ... gt{fln)} 


1 2 8 1 2 3 
E le 2: If f = dg= 
xample f ( and g ( 3 


213 
12 3\(1 2 3 
pote -(; 3 i (; 1 | 
if. & @ 
“ae i 8 


Here 13> 2 3 
2>1>1 


and3>5 353 

fo=(2 2 3\(1 2 3 

8"lo 1 3/4 3 2 
(1 2 3 
“2 3 Ff 

Here, 17> 17> 2 


23333 


and 3>2->1 


Thus, of # fg. 


Remark: The product of two permutation is not 
necessarily commutative, i.e. 


fg # of. 


and 


Identity Permutation: If a permutation J] OR 
degree n is such that I images of every element in the 


same element. 
ie. I(x) = x, Vx 


Then, J is called identity permutation. 


1 2 1 2 3 
Exampled: 1=[1 q] and i-(; 9 3} are 


identity permutation of degree 2 and 3 respectively. 


Inverse of Permutation 


f= (2 dg... Ap 
b; by by 


S={ay, ag,..., Ay} 


) be permutation on set 


Then inverse of f is permutation 


pau(>r bp 
a, a2 an 
1 2 4 
Method: Let f = E 3 ; i be permutation of 


degree 4. 


To find ie first interchange the position of two rows 


ae 23 1 4 
12 3 4 
Here, 251,35 2,1353,454 


Now, replacing these values in the 2nd row of f, we 


get 
fa = 1 2 3 4 
3 1 2 4 


This required inverse permutation of f. 


in f, we get 


Remark: 1. If f is permutation on sets then 
f ‘ae = gy =I (Identity permutation) 


2; If I is identity permutation then I Tey, 


SYMMETRIC GROUP OR PERMUTATION GROUP 
Let S= {1, 2, 3,...,n} and 
S,, = Set of all permutation on S 


= {f : f is permutation on S} 
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Then S, forms a group w.r.t. multiplication or 

composition of permutation, such group is called 

symmetric or permutation group. 

Observations 

1. ofS,)=n! 

2 If f e S, then f my (Identity permutation) 

3 Z (S,) = Centre of S, =I 

4. §&,;n2 3is non-abelian group. 

5 Callery Theorem: Every finite group G is 
isomorphic to a permutation group. 


Cycle: A permutation f which moves cyclically a set 
of r elements aj, ag, ..., a, in the sense that f(a) = ag, 
f(ag)=a3, f(a3)= aq... f(a,_)=a,, f(a,)=a, and 
keep fix the other elements, is called a cycle of length r 
or r cycle. 
f = (a4, a2, ae ey a,) 

Example 1: The permutation 

f= 12 5 3 6 4 

“AS & 6.7 6.3 


can be represented by a cycle (1 2 4 3) because 
17> 2,2 4,4 3and 3—- 1 and symbol 5 and 6 
are fixed i.e. 5— 5,6 6 


f=(1 2 4 3) 
Example 2: If f =(2 5 7 3) 


The f can be representation is a permutation as 


1234 5 67 
f= é 5 24 7 6 3 
Here 1, 4, 6 are fixed. 
Disjoint Cycle: Two cycles f = (ay, ag,... 
g = (bj, bo,..., b,) are said to be disjoint if they 
contain no common symbol i.e. 


, a,) and 


(a4, dg, ..., ay) A (by, bg, ..., bs) = © 
Example 3: (1 3 4 6) and (257) are disjoint. 
Multiplication of Cycle: Let f=(1 3 4 6) and 
g =(2 57) are disjoint cycles. 


Then fg = (1346) (257) 
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ll 
| aie, 
wo eR 
Bo 

Bw a >A 

HO 

nN 


4k 2 4 5 7 

-(3 3 6 5 | 
i234 5.67 
errs 

ji 2S oS oo 

tse) 


Example 4: 1. Every permutation can be uniquely 
expressed as product of disjoint cycles. 


2. Any two disjoint cycles commute. 


Transposition: A cycle of length 2 or 2 cycle is 
called transposition. 


Example 1: (1 3)(2 3) are transposition because 
it is a cycle of length 2. 


Example 2: The symmetric group 


gif) 2 3) (1 2 3) (1 2 3 
ola Be. SPS ..g: alls a 
i2nn 2 ff 2 3 
i 3 ole .2 ale ¢ 4 


can be written as 
S3 = tI, (123), (132), (23), (13), (12) } 


ORDER OF PERMUTATION 


If f e Sie. fis permutation of n symbol, then we can 
find order of f by following result. 


1 If f e S,, be cycle of length r, then o(f) =r. 


2: If fy, fo,...,f, be pairwise disjoint cycles of 
length my,mg9,...,m, respectively and 
f=hi fe,-f 
Then O(f) = [my, mg, ...,m,] 


=l.c.m.of my, mo, ...,m, 


Example 17: Find the oder of permutation 


, (1 2 3 (1 23 4 
o() 3 | «( 3 4 | 


12.3 


Solution: 0 f-(; 3 1 


) = (123) 


= fis cycle of length 3 


= fis cycle of length 4 
Af) =4 


es 


E le 18: E = 
xample xpress f aera 


as product of disjoint cycles and find its order. 
123 4567 8 5] 


Solution: f = 
438576129 


=(1 45 7)(2 3 8) 
“. Of) =[4 3] =Lem. of 4and 3=12 
Hence, o(f) = 12 


Even and Odd Permutation 


A permutation f is called even permutation if it can be 
written as product of even number of even number of 
transpositions. It is said to be odd permutation if it can 
be written as product of odd number of 
transpositions. 


Is 


12345 
Example 1: The permutation | 


23451 
even permutation. 
Since, f=(1 2 3 4 5)= (12) (13) (14) (15) 


= Product of even number of 
transposition. 


“. fis even permutation. 


Is 


1 2 3 4 
Example 2: The permutation f = ) 


23 4 1 
odd permutation. 
Since, f = (12 34) = (12) (13) (14) 

= Product of odd number of transposition. 
.. fis odd permutation. 
Example 3: In symmetric group 


S3 = {I. (123), (132), (12), (13), (23) } 
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The permutation I, (123), (132) are even permutations 
and (12), (13), (23) is odd permutation. 


Hence out of 6 permutations in S3 group, 3 are even 
and 3 are odd permutations. 


Observations 


I The product of two even permutation is an 
even permutation. 


2. The product of two odd permutations is odd 
permutation. 


3. The product of an even permutation and an 
odd permutation is odd permutation. 
4. Inverse of an even permutation is an even 


permutation. 


! 
5. of then ! permutations on n symbol, o are even 


| 
and a are odd i.e. of then! permutations on n 


symbol, half-are even and half are odd. 


6. — The set of all even permutations on n symbol 
Ay is group w.r.t. permutation multiplication. 


Alternating Group: The group A, of all even 
permutations on n symbol is called alternating group. 
] 

Remarks: 1. o(A,) = 5 
2. Ap is subgroup of symmetric group S,,. 
oie Ap is normal subgroup of S,,. 
4. The index of A, in S,, = 2. 
Example 4: In symmetric group 

S3 = tI, (123), (132), (12), (13), (23) } 
The alternating group 

Ag = {I, (123), (132)} 
CONJUGACY RELATION AND CLASS 
EQUATION OF GROUP 
Conjugate Element: Let G be a group and 


b=x-lax 
In this case, we write 
b~ a(say b is conjugate to a) 
Thus, b~a@ b= x! ax for some x € G. 


Remark: The relation ~ of conjugacy on a group G 
is an equivalence relation. 


Conjugacy Class: Let Gbe a group andae G. The 
conjugacy class of ‘a’ in G defined as 
C(a)={x € G:x ~ a} 
={xe G:x=y! ay, ye G} 
={ylay:ye S} 
= Set of all conjugate of ‘a’ in G. 


Remark: G= VU C(a) 
aeG 
Observations: 
1. Gis an abelian group © C(a) = {a}, Vae G. 
C(a) = {a} S ae Z(G) 


3. In a finite group G, the numbers of elements in 
the conjugate class of ‘a’ is divisor of the order 
of group. 

(G) 

4. — o{C(a)} = Order of C(a) = —° 

o{ N(a) } 
CLASS EQUATION OF GROUP 
1. First Class Equation: 
If G be finite group then 
o(G) 
o(G) = 
x o(N(a)) 
2. Second Class Equation: 
If G be finite group then 
(G) 
o(G) = of2(G)} + ° 
é 2, ot N(a)} 


where sums run over one element is each 
conjugacy class. 


a, be G.Then element bis said to be conjugate to aif Observations: 


J elements x € G such that 


hy If o(G) = p”, where p is prime then o{Z(G)} > 1 
i.e. o{Z(G)} + {e}). 


Groups Tn 


2: If o(G)= p’, p is prime then G is an abelian 
group. 
3. If o(G)= p® then of Z(G)} = p. 


DIRECT PRODUCTS 
External Direct Product: Let Gj, Go,...,G, be 
finite collection of groups, then external direct product 
of Gj, Go,..., G, is denoted as Gj, ® Go ®,..., ® G, 
and 
G  ® Go ®,..., ® G, = {8}, Go, .-., Gn): G; € GI 
Then G; © Go ®...®G,, is group w.r.t. operation 
defined as 
(¢4, G2, ++ Gn) (G1, go’, sony Sr ) 
=(9191', $292, ---) GnGn) 
Here, (e1, e9,..., €,) is identity where ej, eg,.. 
are identity for Gy, Gg,..., 
= = -1 
(91, 92, +s Gn) = (97, 95 «+s Sn) 


wey 
G,. and inverse of 


ORDER OF AN ELEMENT 
Let (g4, Go, .--, Gn) € Gy © Go ®..., BG, 
Then order of (¢4, 99, ..-; Gn) 

=l.c.m. of (o(g), o(g9), ..., o(,)) 


Example 1: Let Z9 = {0, 1} and Z3= {0, 1, 2} be 
additive groups 
Then, Zo ® Z3 = {(0, 0), ( 
(1, 2)} 
Then (i) Z2 ® Z3 is on abelian group of order 6 
(ii) Identify of ® Zo ® Z3 = (0, 0) 

and (0, 0)’ = 0, 0) 


0, 1), (0, 2), (1, 0), (1, 1), 


(0, 12 =(0-!, 1-4 =(0, 2) 


Order of each elements are order of (0, 0) =1 
(0, i? =(0, 1)+(0, 1)+ (0, 1) =(0, 3) = (0, 0) 
= Idenity 
= order of (0, 1)=3 
Similarly order of (0, 2) = 3 
and order of (1, 1) = 6 etc. 


Observations: 


(iii) 


1. If G, and Gg» are two cyclic groups. Then 
G,® Gy in cyclic < o(Gy) and o(Gg) are 
relatively prime. 

2. — If G, and Gg are two groups then G, x {eg} 
and {e;}xGy of G,;xG» are normal 
subgroup of G; x Gg and is isomorphic to G; 
and Gg» respectively. 


INTERNAL DIRECT PRODUCT 
Let H and K are two subgroups of group G. Then Gis 
said to be internal direct product of H and K if 


tt. Every element of H commutes with every 
element of K 
ie. hk =kh;heH,keK 
2. Every element of G is uniquely of H by an 
element of K, 
ie.x € Gx =hk wherehe H,ke K 
In this case, we write 


G=H x K = internal direct product of Hand K 


Observations 

1, If H and K are two subgroups of group G such 
thatG=HxK 
Then, H and K are normal subgroups of G and 
Lo = K and 2 =H 
H H 


2. If H and K are normal subgroups of G. Then G 
is the internal direct of H and K and only if 


(i) G=HK (ii) H A K = {e} 
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EXERCISE 


MULTIPLE CHOICE QUESTIONS 8. 


Direction : Each of the following questions has four 
alternative answers. One of them is correct. Choose 


the correct answer. 9. 
GROUP THEORY 
A The number of binary operation on set containing 2 10. 
elements is 
(a) 4 (b) 8 
(c) 16 (d) 32 
2. Which of following is binary operation on set 
G= {1-1}? 
(a) Addition (b) Subtraction 
(c) Multiplication (d) None of these 11. 
3: The set Z of all integers is 
(a) both additive and multiplicative group 
(b) multiplicative but not additive group 
(c) additive but not multiplicative 
(d) neither additive nor multiplicative group 
4. The number of binary operation on set containing 
n elements is 12. 
(a) n (b) n? 
(c) n? (d) n™ 
oy Let N be set of natural numbers, then which of the 
following is grouped 13. 
(a) (N, +) (b) (N, -) 
(c) (N, +) (d) None of these 
6. Which of the following is a group? 
(a) (R,-) (b) (N,-) 
(c) (Z,#) (d) (Z,-) 
7. Which of the following is not abelian group with 
respect to addition 
(a) Set of integers 15. 


(b) Set of real numbers 
(c) Set of rational numbers 
( 


d) Set of natural numbers 


Let e, and eg are identity of group (G,o) then 
(a) e, > 5 (b) ee5 
(c) e, < eo (d) e, #e5 

In a group, the number of identity element is 

(a) 1 (b) 2 

(c) 3 (d) 4 

Which of the following is not abelian group with 
respect to multiplication? 

(a) The set G = {1, -1} 

(b) The set of cube root of unity G = {1, a, wo} 

(c) The set of fourth root of unity G = {1, —1,i, —i} 
(d) G= {-2,-1,1, 2} 
If A= f1,-, B= {1 


following is true? 


1, 2, — 2}, then which of the 


(a) Multiplication is binary operation on set B but 
not onA 

(b) Multiplication is binary operation both A and B 

(c) Multiplication is binary operation on set A but 
not on B 

(d) None of these 


The minimum number of elements in a non-abelian 


group is 
(a) 4 (b) 6 
(c) 8 (d) 10 


The set of real numbers in a group with respect to 

(a) arithmetic subtraction 

(b) arithmetic multiplication 

(c) arithmetic division 

(d) Composition defined by aob=a+b+1, 
Va,beR 


If ais an element of group then (gy is equal to 


Ifa, band care elements of group Gthen (a: bo cy 


is equal to 
(a) at. bloc! (b) a toc-tob™! 


(c) c lob oat (d) cba 


Groups Pao) 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


A set Gwith binary operation defined as 


aob = b, Va, be Gis 


(a) semigroup 

(b) semi group with identify 

(c) Monoid 

(d) Group 

Which of the following is not monoid? 
(a) (N, +) (b) (Z, +) 

(c) (Q, +) (d) (R, +) 


If a’ and a’’ are left inverse and right-inverse in semi 
group (G, 0) then 
(b) a’<a’’ 


(d) a’ #a”’ 


(a) a’>a’’ 
(c) ad’=a’’ 
Which of the following is semi group? 

(a) (N, -) (b) (Z, -) 

(c) (R, -) (d) (N, +) 

Which of the following is abelian group? 

(a) (Q,-) (b) (R,-) 

(c) (C,) (d) (Q*,-); Q* = Q-(0) 
The power set P(x) of a set X is a group under the 
law of composition 

(a) difference of set 

(b) union of set 

(c) intersection of set 

(d) symmetric difference of set 

The identify element of group (P(X), ©) is 

(a) X (b) 


(c) X’-0 (d) None of these 

The set G= {1,-i,i,-i} in group with respect to 
operation. 

(a) addition (b) multiplication 

(c) subtraction (d) division 

The inverse of element (—1) in group ({1, — 1, i, —i}, -) is 
(a) i (b) -i 

(c) -1 (d) 1 


Let G= {1,@, wo} be multiplicative group of cube 
root of unity. Then inverse of w is 

(a) 1 (b) @ 

(c) @” (d) w° 


26. 


Zi: 


28. 


29. 


30. 


31. 


32. 


33. 


The set of nth root of unity forms an abelian group 
w.r.t. operation. 
(a) addition 

(c) Multiplication 


(b) subtraction 

(d) division 

Which of the following is not true in group (G, o)? 
(a) The identity element e is unique. 

(b) The inverse of each event ae Gis unique 

(c) (aob)"! = boa}; Va, be G 

(d) (aob)? = a lob}; Va, beG 


The inverse of —2 in group (Z, +) is 
(a) 0 (b) 2 
(c) 3 


For the binary operation ® on R defined as 

x ®y=x + y—5 Then the identity is 

(b) -5 

(d) -1 

If the set Z of integers in a group under the binary 
operation * defined asm *n=m+n+1;m,neZ. 


Then inverse of element 5 is 


(a) -5 (b) 7 


Which of the following sets with given operation is 

not a group? 

(a) The set of all even integes with respect to 
addition. 

(b) The set of all even integers with respect to 
addition. 

(c) The set of all odd cube roots of unity with 
respect to multiplication 

(d) The set of all add integers with respect to 
addition. 

The set of all vectors with respect to vector addition 

is 

(a) semigroup (b) not an abelian group 


(c) an abelian group (d) not an abelian 


In the group Zs = {0, 1, 2, 3, 4} of residue class 
modulo 5, with respect to operation of addition of 
reduce class modulo 5 the inverse of 2 is 

(a) 1 (b) 2 

(c) 3 (d) 4 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


The set {5, 15, 25, 35} unded the binary operation of 
multiplication modulo 40 is 

(a) not a group 

(b) a group with identity 5 

(c) a group with identity 25 

(d) a group with identity 35 

The inverse of 10 in (Zs, +) is 

(a) 10 
(c) 30 (d) 40 

If each element of group (G, 0) is its own inverse. 
Then which of following is not true? 


(a) x2 = e,VxeG 43. 


(b) Gis an abelian group 


(c) Gis non-abelian group 


(d) xt = e,VxeG 44. 


Which of following group in which elements have 
own inverse. 

(a) The multiplicative group G = {1, —- 1} 

(b) (R, +) 
(c) (Z, +) 
(d) (Q, +) 


Which of the following is not true? 45. 


(a) A group of order 2 is abelian. 

(b) A group of order 3 is abelian. 

(c) A group of order 4 is abelian. 

(d) A group of order 6 is always abelian. 

The set {2.468} is a group with respect to 
multiplication modulo 10. The identity element of 


46. 


this group is 

(a) 2 (b) 4 

(c) 6 (d) 8 

The set S={cos8+isin0:0¢ FR} is an abelian 


group w.r.t. operation 


47. 


(a) ordinary addition 
(b) ordinary subtraction 
(c) ordinary multiplication 


(d) None of these 


41. 


(b) 20 42. 


Let G= fe ;ae R,a# Obis an abelian group 
lo o| 


w.r.t. matrix multiplication. Then identity for G is: 
[1 0] fO 1] 

10 Pia a 
[oO 0] [1 0] 

1 lg al 


Let G be multiplicative group of modulo 17, then 
inverse of 8 is 


(a) 9 (b) 15 
(c) 0 (d) 1 
In a group (Z, +), the value of 1% is 
(a) 1 (b) 10 
(c) 20 (d) 0 


Let S is a set having atleast two elements and 0 isa 
binary operation on S defined by xoy = x; Vx, ye S. 
Then binary operation 0 on S is 

(a) commutative and associative 

(b) 

(c) asociative but not associative 

(d) 

Given that S= {A B, C, D} where A= 6, B = {a}, 
C = {a, b} and D = {a, b,c}. Which of the following 
is true? 


neither commutative nor associative 


associative but not commutative 


(a) S is closed under U but not 7 


( 


b) 
(c) Sis closed under Uand A 
(d) 


Let G=0,1,2 define operation * on G by 
a*b=|a-—b|. Then (G,*) is not a group with 


S is closed under N but not U 


S is not closed under U and 4 


condition does not hold 


(a) closure 
(c) identity 


(b) associativity 
(d) inverse 
Let S is set of all real numbers except —-1 and 0 is 


operation defined as aob = a + b+ ab. The solution 
on equation 20x05 = 7 in S is 


1 -10 
Se b) x= 
(a) x 4 (b) x ; 
_-17 _-5 
i ae = 


Groups 5 


48.  Theinverse of min (Zis: -)where, rae =Z19 — {OF is 
(a) 7 (b) 8 
(c) 9 (d) 10 

49. The set of all rational number of the form 
a m, neé Z is group under 
(a) addition (b) subtraction 
(c) multiplication (d) division 

50. Let, Gbe set of all positive rational numbers and o 
be ordianry binary operation in G defined as 
aob = 2. Va, be G which of the following is not 
true? 
(a) Gis closed under o. (b) Gis a group. 
(c) ois commutative. 
(d) Gis non-abelian group. 

SUBGROUP 

51. A non-empty subset H of a group of (G,o) is 
subgroup if 
(a) (H, o) is grouboid 
(b) (H, o) is semigroup 
(c) (H, o) is semigroup with identity 
(d) (H, o) is group 

52. Anon-empty subset H of a group Gis a subgroup of 
Giffa,be H> 
(a) abt eH (b) a'beH 
(c) bla teH (d) abe H 

53. | Which of the following is not subgroup of (R, +) 
(a) (N, +) (b) (t, +) 
(c) (Q, +) (d) None of these 

54. Let H be subgroup of group of Gand e, and és are 
identify for H and G respectively, then 
(a) ey < eg (b) e, > eo 
(c) e, =e (d) e, #e 

55. — Which of the following is not true? 


(a) Subgroup of abelian group is abelian. 

(b) Non abelian group may have abelian subgroup. 

(c) Non abelian group may not have abelian 
subgroup. 

(d) None of these 


56. 


59. 


61. 


62. 


Which of the following is not subgroup of (Z, +)? 

(a) (2Z, +) (b) (32, +) 

(c) (mZ, +) (d) (N, +) 

Which of the following is true? 

(a) Intersection of two subgroup is subgroup. 

(b 

(c 

(d) Union of two subgroup is subgroup iff one is 
contained in the another. 


) Intersection of family of subgroup is subgroup. 
) 


Union of two subgroup is subgroup. 


If H and K are only two complexes of group G then 
(HK)! is equal to 


(a) HK" (b) HK 
(c) KH! (d) KH 
If H be subgroup of group G then 
(a) Ht=H (b) H2 =H 
(c) H3=H (d) H4 =H 


Consider A= {38n::neZ}, B= {4n:neZ}. The 
subgroup of additive group Z is 


(a) (AUB, +) (b) (AB, +) 


(c) (AUB,-) (d) (AMB,-) 

The number of subgroup of (Z, +) is 

(a) Finite (b) Infinite 

(c) Only two (d) None of these 

Let H be a subgroup of group (G, o). Consider the 
following statements: 

(i) abe H = aobeH 

(ii) aeH = ateH 


of these statements 


(a) both (i) and (ii) are correct. 
(b) (i) is correct but (ii) is incorrect. 
(c) (ii) is correct but (i) is correct. 


(d) both (i) and (ii) are incorrect. 

Let H and K be two subgroups of group G Then 
HK = thk : he K,k € H} is subgroup of G iff 

(a) HK = KH (b) HK=G 

(c) Hi K=G (d) None of these 


= B.Sc. Objective Mathematics (Algebra and Trigonometry) 


64. The set A= {1,-1,i,-i} is a gropup with usual 
multiplication as binary operation. In the following 


which is a subgroup of A? 


(a) {Lit (b) O,-Lit 
(c) ti, -U (d) t,- 
65. The number of subgroups of (Z}7, +) is 
(a) 1 (b) 2 
(c) 3 (d) 4 
66. The number of subgroup of (2,4, +) is 
(a) 2 (b) 4 
(c) 5 (d) 6 


67. Let G=a+ib:abeR, a#0,b#0] be group of 


non-zero complex under multiplication. Which of 


the following is not a subgroup of G? 
(a) H= {a+ bie G:a° +b’ =} 
(b) H = {a+ bie G:a* + b* =2} 
(c) H={a+ bie G:a? + b* = 3} 
(d) None of these 


68. Let Gbe an abelian group and H = {ae G: a” =e} 


then 
(a) H is not subgroup of G. 
b 


(b) H is obelian subgroup of G. 
(c 
( 


) 
) His only subgroup of G. 
d) His non-abelian subgroup of G 


69. Let G be group of order 17, then number of 


elements of centre of G is 
(a) 5 (b) 10 
(c) 15 (d) 17 
70. The union of two subgrup of group G is 
(a) a subgroup of G 
(b) not necessarily a subgroup of G 
(c) never a subgroup of G 
(d) None of these 


71. |The subgroup generated by set {2, 3, 5} in (Z, +) is 


(a) Z (b) 22 
(c) 32 (d) 52 
72.  Inagroup(Z, +). The subgroup generated by 2 and 
Z is 
(a) Z (b) 52 
(c) 9Z (d) 142 


73. 


74. 


75. 


Let G be abelian group then centre of group G is 


(a) > (b) {et 

(c) G (d) None of these 
The numberof subgroup of (Z 990, +) is 

(a) 10 (b) 12 

(c) 14 (d) 20 


Let G be a group and aeG. Then the set 


H = {a": ne Z} is 
(a) never subgroup of G 
(b) subgroup of G 

(c) only subgroup of G 

( 


d) None of these 


ORDER OF AN ELEMENT OF GROUP 


76. 


77. 


78. 


80. 


81. 


82. 


An element ‘a’ of group G is of order n then 
(b) a” # e (indentify) 


(c) a" =n (d) a"=a 


(a) a” = e (identity) 


The order of identity element is any group G is 


(a) O (b) 1 

(c) 2 (d) 3 

The maximum number of element in a group is of 
order 1 is 

(a) 2 (b) 3 

(c) 4 (d) 1 


The order of min multiplicative group G = {1, a, wo} 


is 


(a) 2 (b) 3 

(c) 4 (d) 1 

The order i in multiplicative group G = {1, -1,i, 
is 

(a) 1 (b) 2 

(c) 3 (d) 4 

The order of 3 in additive group Z, = {0, 1, 2, 3}i 
(a) 1 (b) 2 

(c) 3 (d) 4 


The order of every element of a finite group is 
(a) 0 (b) 1 
(c) Finite (d) 0 


—i} 


S 
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83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


The order of 1 in the group ({0, 1, 2, 3, 4}, +5) is 


(a) 1 (b) 2 

(c) 3 (d) 5 

The order of 3 in multiplicative group of 
multiplication modulo 7 is 

(a) 12 (b) 13 

(c) 14 (d) 16 

The order of 8 in (Zgp, +) is 

(a) 12 (b) 13 

(c) 14 (d) 15 


If for a, be G, o{ab) = oa) = o(b) = 2 then 
(a) ab} =b a (b) ab= ba 


(c) ab = b*a (d) None of these 


The order lin group (Z, +) is 

(a) 1 (b) 2 

(c) 3 (d) Infinite 
The order of element of infinite group is 
(a) Finite 

(b) Only infinite 

(c) may be finite and infinite 

(d) 


d) None of these 


If ‘a is an element of a group G and o(a) = n then 
a™ = eif and only if 


(2 (tb): 
n m 
(c) m=n (d) n>m 


Let Gbe a group andae G,x eG, then 
(a) o(a) = o(x tax) (b) o(a)< o(x tax) 


1 


(c) o(a) > o(x~ax) (d) None of these 


If a and x be an element of group G such that 
o(a) = 5then order of x tax is 

(b) 2 

(d) 10 

If‘a’ be an element of group Gsuch that o{a) = nthen 
abis also of order nif and only if 

(a) p are n are natural number. 

(b 
(c 
( 


) pand n are integer. 
) p and nare prime. 


d) p and nare relatively prime. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


Let G be a group such that a° = eand aba! = b?, 
Va, be G. Then order of bis 

(a) 28 (b) 29 

(c) 30 (d) 31 

In an abelian group G, if the order of an element of 
‘a is 4 and order of an element b is 3. Then order of 
(ab)* is 
(a) 3 
(c) 12 


(b) 4 

(d) 24 

If aand bare distinct element of order 2 of group G 
and aand bare commute then order of ab is 

(a) 2 (b) 3 

(c) 4 (d) 6 

If b be an element of group G and o(b) = 20, then 
order of b!* is 

(a) 2 (b) 3 

(c) 4 (d) 5 

If o(a) =m, o(b)=n where a,b,c are element of 
abelian group G then 
(a) o(ab) = Vm 

(c) o(ab) = mn 

(d) o(ab) = L.C.M.of m and n 


(b) o(ab) = Vmn 


For elements a, b,x in a group G which of the 


following is not true? 
(a) ofa) = ofa’) 
(c) o(a*) < oa) 

The order of 1 is group (Z,, +) is 

(a) 1 (b) n-1 

(c) n (d) None exist 

In group G, if a and b are disfind elements of order 2 


and if aand b dono commute, then order of aba lis 


(a) 2 (b) 3 (c) 4 (d) 6 


HOMOMORPHISM AND ISOMORPHISM OF 
GROUPS 


101. 


A map f :(G, +) > (G’, -) is homomorphism if 
(a) f(x + y) = f(x) + fly) 

(b) f(x + y) = f(x) - fly) 

(c) f(xy) = f(x) fly) 

(d) None of these 
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102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


An injective homomorphism f : G—> G’ is called 
(a) monomorphism (b) epimorphism 
(c) isomorphism (d) None of these 

A one-one onto homomorphism f : G > G’is called 
(a) monomorphism (b) epimorphism 
(c) isomorphism (d) None of these 

A homomorphism f :G-— G’ defined as f(e) = e’ 
where e and e’ and identify of G and G’ is called 

(a) Identify homomorphism 

(b) Zero homomorphism 

(c) non-zero homomorphism 

(d) None of these 

Let (R*, -) be group of non-zero real number under 
multiplication which of the following is not 
-)— (R*,-) defined as 

(b) f(x) =x? 


(d) f(x) =x? +1 


homomorphism f : (R*, 
(a) f(x) =|x | 

(c) f(x) =x° 

Let f :(Z, +) — (Z, +) defined as f(x) = 2x, VxeZ 
then 

(a) f is not homomorphism 

(b) fis an isomorphism 

(c) f is onto homomorphism 

(d) f is one-one homomorphism 

A map f:(R,+)—(R*,-) defined as f(x) = 2%, 
VxeRis 

(a) isomorphism 

(b) one-one homomorphism 

(c) onto homomorphism 

(d) not homomorphism 


Let (G, o) and (G’, 0’) be groups and f: G> G’isa 


homomorphism. Let e be identify of (G, o) and e 
that of (G’, o’). Then writen of the following is not 


true 
(a) fle) =e’ (b) fla) = [f(a 
(c) f(a") = [f(a)]” (d) fle’)=e 


Let f :(Z, +) > (Q*,-) be homomorphism then f(o) 


is equal to 
(a) 0 (b) 1 
(c) 2 (d) None of these 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


Which of the following is not true? 


(a) Composition of two homomorphism _ is 
homomorphism. 

(b) Composition of two 
isomorphism. 

(c) If f : G— G’ is homomorphism =f) :GO3G 
is homomorphism. 

(d) f: GG’ is isomorphism => f— :G’> Gis 


isomorphism. 


isomorphism is an 


The relation of isomorphism (=) in the set of all 
groups is 
(a) not reflexive (b) not symmetric 


(c) not transitive (d) equivalence 
If e: G G’ be group homomorphism then kernal 


of homomorphism (kerf) is 


(a) ft ({e}) (b) f (let) 

(c) f (tet) (d) 

Let f :(R*,-) > (R*,-) be map defined as f(x) = x, 
V x € R*; then kerf is 

(a) {o} (b) 

(c) (d) not exist 


If f : GS G’ be homomorphism, then kerf is 
(a) subgroup of G’ (b) subgroup of G 

(c) not subgroup of G’ (d) not subgroup of G 

Let f :(Z,+)— (Q*,-) be homomorphism then 


flO) is fQ == is 
(a) 3 


Which of the following is not true? 

(a) homomorphism image of subgroup is subgroup 

(b) Homomorphism image of abelian group is 
abelian 

(c) f:G3G’ is 
subgroup of G’ > f-*(H) is subgroup of G 


homomorphism and H_ is 


(d) if f: GG’ is homomophism and G’ is an 
abelian group => is abelian 

A homomorphism from group G to G is called 

(a) Endomorphism 

(b) Automorphism 

(c) inner automorphism 

( 


d) identity homomorphism 
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121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


An isomorphism from group G to Gis 
(a) Endomorphism (b) Autmorphism 
(d) None of these 
Let G be abelian group. Then f : G— G defined as 


f(a) = a lis 


(c) not automorphism 


(a) not homomorphism (b) Automorphism 
(c) not automorphism (d) None of these 

Let G be a group suppose the map f:G>G 
defined as f(a) = a’ is homomorphism then G is 

(b) abelian 


(d) sometime abelian 


(a) non-abelian 
(c) never abelian 
Let f :G— G’ be homomorphism and ae G’ then 
(a) o(f(a)) | o(G) (b) o(f(a)) | o(G’) 

(c) o(f(a)) | o(G) (d) o(f(a)) | o(G’) 

If f : G— G’ is injective homomorphism then in 

(a) o(f(a)) | ofa) (b) o(f(a)) | ofa) 

(c) o(f(a)) = o(G) (d) o(f(a)) # ofa) 

Let f : G,; — Gp be injective homomorphism and 
ae G, and o(a) = 35 then order of o(f(a)) is 


(a) 35 (b) 30 

(c) 25 (d) 20 

Which of following is not true? 

(a) Z =2Z (b) Z =3Z 

(c) Z =5Z (d) All the above 


Which of the following is identify homomoprhism 
f:GoG 

(a) f(x)=x;VxeG  (b) f(x) =2x,VxeG 

(c) f(x)=3x,VxeG (d) f(x)=4x4,VxEeG 
The number of homomorphism from Z,, to Zy is 
(a) mn (b) g.c.d. of m,n 
(d) l.c.m. of m,n (d) m+n 

The number of homomorphism from Z, to Z7 is 
(a) 5 (b) 7 (c) 1 (d) 0 

Let f :(R*,-) — (R*,-) defined as f(x) = x2 where 
xéeR*=R — {0}. Then 

(a) f is one-one. 

(b 
(c 
( 


) fis onto homomorphism. 
) f is an isomorphism. 


d) fis not homomorphism. 


129. A map f:G—>G defined as f(x)=x" is 
homomorphism if 
(a) Gis non-abelian (b) Gis abelian 
(c) G is group (d) Gis monoid 
130. Let homomorphism f :(R*,-) > (R*,-) defined as 
f(x) = x where R * = R — {0} then 
(a) kerf = {1} (b) kerf = 
(c) kerb = R* (d) kerf = {1, -1} 
CYCLIC GROUPS 
131. A group Gis cyclic if 
(a) G={a":neZ,V ae G} 
(b) G# fa": neZ,ae G} 
(c) G=6 
(d) None of these 
132. Which of the following is cyclic group? 
(a) (Z, +) (b) (Q, +) 
(c) (R, +) (d) (C, +) 
133. Which of the following is not cyclic group? 
(a) (41, -1,-) (b) (11,0, 07},-) 
(c) ({1, -1,i, -i}, -) (d) kelins four group 
134. The number of generator of infinite cyclic group is 
(a) 0 (b) 1 
(c) 2 (d) infinite 
135. The generator of cyclic group (Z, +) is 
(a) only 1 (b) only -1 
(c) 1 and-1 (d) None of these 
136. The set Z, = {0,1,2,...,n-—1} of residue classed 
modulo n is cyclic group under 
(a) additon modulo n 
(b) addition modulo n-1 
(c) multiplication modulo n 
(d) multiplication modulo (n — 1) 
137. The generator of cyclic group G= {1,—1} with 


respect to multiplication is 
(a) 1 (b) -1 
(c) both 1 and -1 (d) None of these 
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140. 


141. 


142. 


143. 


144. 


145. 


The generator of cyclic group G = {1,@, wo} wart. 

multiplication is/are 

(a) @ 

(c) both wand wo 

Which of the following is not true? 

(a) Every cyclic group is abelian. 

(b) Every abelian group is cyclic. 

(c) Subgroup of cyclic group is cyclic. 

(d) Non-cyclic group may have cyclic subgroup. 

Which of the following is not true? 

(a) All group of prime order p is cyclic. 

(b) All cyclic group of same order are isomoprhism. 

(c) Two finite group of same order are necessarily 
isomorphic. 

(d) Two finite group of same order are not 


necessarily isomorphic. 
If a is generator of cyclic group G. Then its inverse 
ais 
(a) generator of G 
(b) not generator of G 


(c) may be generator of G 


(d) never generator of G 


If a be generator of cyclic group G then 

(a) ofa) = o(G) (b) o(a) # o(G) 

(c) ofa) > o(G) (d) o(a) < o(G) 

A finite group of order n contains an element of 
order n must be 
(a) non cyclic (b) cyclic 
(c) never cyclic (d) None of these 
In group (Z, +) which of following is of true? 
(a) Z is cyclic group. 

(b) 1 and -1 are generator of Z. 

(c) All subgroup of Z are cyclic. 

(d) 1 is only generator of Z. 


The cyclic group (mZ, +) is generator by 


m 
(a) m (b) o 
(c) 2m (d) 1 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


The number of generator of cyclic group of order 7 
is 

(a) 5 
(c) 7 


(b) 6 

(d) 4 

The number of generator of cyclic group of order 8 
is 

(a) 2 (b) 3 

(c) 4 (d) 5 

Let G be cyclic group generated by a’ of order n. 
Then a? is generator of Gif and only if p and n are 
(a) prime (b) coprime 
(c) natural number (d) integers 

The number of generator of cyclic group of order p 
is 

(a) p 

(c) p-2 


The number of generator of cyclic group of order 5 


(b) p-1 
(d) p-3 


(a) 3 (b) 4 

(c) 5 (d) 6 

The number of generator of cyclic group Zo is 
(a) 3 (b) 4 

(c) 5 (d) 6 

The number of subgroup of (Zs, +) is 

(a) 3 (b) 4 

(c) 5 (d) 6 

Every infinite cyclic is isomoprhic to 

(a) (R, +) (b) (Q, +) 

(c) (Z, +) (d) (e, +) 

Every finite cyclic of order n is isomorphic to 
(a) (Zp, 4) (b) (Zn 1,4) 

(c) (Z, +) (d) None of these 


Let G be cyclic group of order 10. Then is 
isomorophic to 
(a) U(10) 

(c) Z 


(b) 249 

(d) Z9 

The multiplicative group {1, 3, 5,7} modulo 8 is 
(b) non-cyclic group 
(d) None of these 


(a) cyclic 


(c) non-abelian 
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158. 


159. 


160. 


161. 


162. 


163. 


164. 


The number of subgroup of cyclic group of order 
200 is 

(a) 10 (b) 11 

(c) 12 (d) 13 

Which of the following is not generator of cyclic 
group ({1, 2, 3, 4}, xs) 
(a) 2 

(c) 4 


(b) 3 
(d) None of these 
Which of the following is generator of (Z¢, +)? 
(a) 1 (b) 5 
(c) both (a) and (b) (d) None of these 
2tni 
Let G= fe 6 :n=0,1, 2,3, 4 5} by cyclic group of 
6th root of unity. Then, number of proper subgroup. 
(a) 1 (b) 2 
(c) 3 (d) 4 
If a is generator of cyclic group of order 10 then 
which of the following is not generator. 
(a) a® (b) a” 
(c) @ (d) a” 
Which of the following is not generator of (Zg, +)? 
(a) 1 (b) 3 
(c) 5 (d) 2 
If a be generator of cyclic group of order 7, then 


which of following is not generator? 


Let G be cyclic group of order 50 and ‘a’ be its 
generator then order of a is 

(a) 20 (b) 30 

(c) 40 (d) 50 


COSET OF A GROUP & LAGRANGE THEOREM 


165. 


166. 


Let H be a subgroup of abelian group G. andae G 
Then 

(a) aH + Ha 

(c) ad + Ha=6 


(b) aH # Ha 

(d) None of these 
Let, H be subgroup of group G and ae H then 
(a) Ha=H (b) Ha#H 

(claHW #H (d) Ha# aH 


167. 


168. 


169. 


170. 


171. 


Liz: 


173. 


174. 


175. 


176. 


Let, H = 2Z is subgroup of (Z, +) then number of 
distinct coset of H in G. 

(a) 1 (b) 2 (c) 3 
Let, H be a subgroup of a group G. Then a, be H 
then 

(a) Ha= Hb & ab eH 

(b) Ha=Hb & a’ eH 

(c) Ha=Hb & ab! ¢H 

(d) None of these 


(d) 4 


Let H be subgroup of a group G. Then any two 
cosets of H are 

(a) Either disjoint or identity 

(b) 

(c) Never identitical 

(d) 

Let H be a subgrup of group G. Then number of 


Never disjoint 
Neither disjoint nor identitical 
distinct right cosets of H in G 


(a) idex of HinG 


(c) abelian subgroup 


(b) cyclic subgroup 
(d) None of these 
The index of subgroup 2Z in group Z is 

(a) 1 (b) 2 

(c) 3 (d) infinite 

The index of subgroup mZ in Z is 

(a)m-1  (b)m?— (c)m_— (d) m+ 1 

The order of every subgroup of a finite group 
divides order of G is known as 

(a) Format theorem (b) Oilson theorem 

(c) Lagarange theorem (d) Isomorphism theorem 
Let Gbe a finite group and ae G. Then 

(a) o(G) | o(a) (b) ofa) | o(G) 

(c) ofa) | o(G) (d) ofa) = o(G) 


Let Gbe a finite group andae G.Then a%Q) jg equal 


to 
(a) a (b) a2 
(c) a? (d) e (identity of G) 


Let Gbe group of order 100 with identify 1 then a! 
is equal to 
(a) a 
(c) 1 
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178. 


179. 


180. 


181. 


182. 


183. 


184. 


185. 


186. 


187. 


Let (219, +) be a group then, (1)29 is 


(a) 1 (b) 0 (c) 2 (d) 3 


Every group of prime order have 


(a) more than two subgroup 

(b) have proper subgroup 

(c) does not have any proper subgroup 
(d) None of these 


Every gropup of prime order is 
(a) non abelian (b) non cyclic 
(c) cyclic (d) never cyclic 
Let G be group of order 13 then Gis 
(b) abelian 


(d) both (a) and (b) 


(a) cyclic 

(c) non cyclic 
Let H and K are subgroup of finite group G then 
(a) [G:H AK] =[G-H].-[G: k] 

(b) [G: H NK)<[G:H][G: kK] 

(c) [G: HA K)=[(G: H][Go kK] 

(d) 

Let H and K are subgroup of finite group G then 


None of these 


o(HK) is equal to 


Pause o(H) - o(K) 
(a) o(H)- o(k) oH AK) 
=) oll) - ofk) olH) 

o(H U k) o(k) 


Let H and K are any two subgroup of finite group G 
in such a way that oH) > Jo(G) and o(K) > VoCG) 
Then 

(a) H AK = {e} 
(c) HAK=6 


(b) H AK # {e} 

(d) None of these 

Let H and K are subgroup of group G. Then 
a(H 7 Kk) is equal to 
(a) aH A aK 

(c) Ha nm Ka 


(b) aH Uak 

(d) Hau Ka 

The index of subgroup 3Z in group (Z, +) is 

(a) 1 (b)2 = (c) 3 (d) 4 

Let H and K are subgroup of finite group G such that 
OH) = 7, of K) = 9. Then order of HK is equal to 

(a) 7 (b) 9 (c) 63 (d) 60 

Which of the following subgroup of (Z, +) whose 


index is 3 


(a) 2z (b) 3Z 
(c) 4Z (d) 5Z 
Let G, and Gy be group of order 3 and 5 and 
f:G — Gp is homomorphism. Then number of 


188. 


homomorphism from G, to Gog is 
(a) O (b) 1 (c) 2 (d) 3 


189. Let, H be asubgroup of group G. Then which of the 

following is not true? 

(a) There is one-one corresponding between any 
two right cosets of H in G. 

(b) There is bijective map between set of left cosets 
of H in Gand right cosets of H in G. 

(c) Number of distinct right cosets of H in Gis same 
as the number of distinct left cosets of H in G. 

(d) Number of distinct right cosets is greater than 
number of distinct left cosets. 


190. Which of the following is false? 

(a) If Gisa finite group anda eé G. Then o(a) / o(G). 

(b) The order of each subgroup of finite group is a 
divisor of order of group. 

(c) If subgroup H of a cyclic group is also cyclic. 


(d) If aH = bH, then aH and DH are distinct. 


NORMAL SUBGROUPS, QUOTIENT GROUPS & 
FUNDAMENTAL THEOREM OF HOMOMORPHISM 


191. Asubgroup H of a group Gis normal if 
(a) xH =Hx,VxeH (b) xH #Hx,VxeG 
(c) x4 A Hx =6 (d) None of these 
192. Let G be a group, which of the following is not 
normal subgroup of G? 
(a) G (b) {et 
(c) any subset of G (d) None of these 
193. Which of the following is not normal subgroup of 
(Z, +) 
(a)Z — (b) 22, (c) 3Z_~—(d) {1 
194. The number of normal subgroup of (Z, +) is 
(a) two (b) finite 
(c) infinite 
(d) may be finite or infinite 
195. Which of the following is not true? 


(a) Every group has normal subgroup. 
(b) G and {e} are always normal subgroups of 
group G. 
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198. 


199. 


200. 


201. 


202. 


203. 


204. 


(c) Every subgroup of abelian group is normal 
(d) Non-abelian group does not have any proper 
normal subgroup. 


A group G have no proper normal subgroup is 


called 
(a) cyclic (b) non-cyclic 
(c) abelian (d) simple 


Which of the following is not simple group? 

(a) (Z3, +) (b) (Z5, +) 

(c) (27, +) (d) (Z, +) 

A subgroup H of a group Gis normal in Gif and only 
if 

(a) x theH 
(c) xhx"! ¢H 


(b) xhx7l eH 
(d) None of these 


Let, H be normal subgroup of group G. Then which 


of the following is not condition for normal 


subgroup. 
(a) xhxt eH (b) xH = Hx; Vx eG 
(c) xHx-! gH (d) xHx-! =H 


If H be normal subgroup of G. Then xHx"1 is equal 

to 

(a) H (b) 2H (c) 3H (d) 4H 

Which of the following is not true? 

(a) A prime order group is simple. 

(b) Every subgroup of cyclic group is normal 

(c) Non-abelian group may have normal subgroup. 

(d) non-abelian group never have normal 
subgroup. 

A non-abelian group whose all subgroups are 

normal is called 

(a) lagrange group (b) Hamiltonian group 

(c) non-hamiltonian group 

(d) Centre of group 

Every subgroup of index 2 is 

(b) sometimes normal 


(d) abelian 


(a) normal 

(c) never normal 
Intersection of two normal subgroup is 
(a) never normal (b) may be normal 


(c) always normal (d) sometimes normal 


205. 


206. 


207. 


208. 


209. 


210. 


211. 


212. 


213. 


214. 


The centre of group Gis 
(a) normal (b) only subgroup 


(c) never normal (d) None of these 

If f : G— G’ be homomorphism then kerf is 

(a) normal subgroup of G 

(b) normal subgroup of G’ 

(c) normal subgroup of G and G’ 

(d) None of these 

Let, H and K are normal subgroup of group G Then 
HK is 

(a) only subgroup of G 

(b) 

(c) not normal subgroup of G 
(d) 


Let, H and K are subgroup of group and one of 


normal subgroup of G 
None of these 


them say H is a normal subgroup then HK is 
(a) not subgroup (b) subgroup 
(c) normal subgroup (d) None of these 

Let, Gbe group of order 2p whose p is prime, then G 
has a normal subgroup of order 

(a) p-1 (b) p 


(c) p? (d) 2 


The normal subgroup of (23, +) are: 
(a) only {0} (b) only Z3 
(c) {0} and Z3 (d) None of these 


The number of normal subgroup (Zs, +) are 


(a) 1 (b) 2 (c) 3 (d) 4 

The number of normal subgroup of group of prime 
order is 

(a) O (b) 2 (c) 3 (d) 1 


Let, K is normal subgroup of group G and H be any 
subgroup of group G. Then HK is normal 
subgroup of 
(a) K 
(c) S 


(b) H 
(d) None of these 


The correct statement is 
(a) group {1, —1} is not simple group. 
b 


(b) group {1, -1,i, —i} is a simple group. 
(c 
( 


) 
) {1 0, «°} is nota simple group. 


d) Any group of prime order is simple. 
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215. Let, H be normal subgroup of group G. Then group 994 


216. 


vA 


218. 


219. 


220. 


221. 


222. 


223. 


nat all right subset of H in Gin called 


(a) Factor group 
(c) both (a) and (b) 
If Gbe finite group and H be normal subgroup of G. 


Then o (S) is 
H 


(b) Quotient group 
(d) Centre of group 


(ay 0} (b) 20) 
o(G) o(H) 
(c) o(G) o(F) (d) None of these 


The identify of factor group 7 is 


(a) H 
(c) H+2 


(b) H+1 
(d)H+3 


If Ha be element of Quotient group Then inverse 


of Ha is 
(a) H (b) a tH 
(c) Ha! (d) None of these 


Let, H be a normal subgroup of group G such that 


index of H in Gis G prime number then 7 is 


(b) Abelian 
(d) both (a) and (b) 


(a) Cyclic 
(c) non-cyclic 
Every quotient group of abelian group is 
(b) abelian 


(d) complex 


(a) non-abelian 
(c) cyclic 

The quotient group of cyclic group is 
(a) non-cyclic (b) cyclic 
(c) non-abelian (d) None of these 

Let, H be a normal subgroup of group G. Then a 


map f:G—> = defined as f(x): xH, Vx € Gis 


(a) onto 
(c) both (a) and (b) 


(b) homomorphism 
(d) kerf #H 


The kernal of homomorphism f : G> F-defined as 


f(x) = xH, Vx € Gis 


225. 


226. 


227. 


228. 


229. 


230. 


The homomorphism G onto the quotient group a is 


called 

(a) clear homomorphism 
(b) 

(c) Identity homomorphism 
(d) 


Let, f : G— G’ be a homomorphism from group G 


natural homomorphism 


zero homomorphism 


onto group G’. Then 


G G 

= b) ——=C’ 
rer ore . 

G G 

= dd). 2 2=G 
(c) kerf a, 


Let, H and K are normal subgroup of group G s.t 


H cK. Then quotient group = is normal subgroup 


of 

(a) G (b) H 
G H 

(c) F (d) i. 


Let, H and K are normal subgroup of group G such 
that H c K then 
(a) G = G 
K H 
(c) G/ K =(G/K/G/H) (d) None of these 


o) G=(G/H) 
K 


Let, H be normal subgroup of group Gand H be any 


subgroup or group G. Then is isomorphic to 


Hak 


fa) 

(a) HK (b) HK (c) K d AL 

K HK KH 
Let, f : G— G’ be a group homomorphism from a 
group G onto group G’ with kernal K if order of G, G’ 
and K are 7, 5, 45 and 15 respectively, then order of 
f(G) is 
(a) 1 


(b) 2 (c) 3 


Which of the following is true? 


(d) 5 


(a) G is cyclic > G is cyclic 
H 
(b) 7 is abelian => G is abelian 


(c) If index of subgroup 4 is 3 =H is normal 


(d) Gis abelian =3 is abelian 
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If f:G—4G’ be onto homomorphism. Then 
Ge G’ is known as 

kerf 

(a) first isomorphism theorem 

(b) second isomorphism theorem 
(c) third isomorphism theorem 
( 


d) Fundamental theorem of homomorphism 


PERMUTATION OR SYMMETRIC GROUP 


232. 


233. 


234. 


235. 


236. 


237. 


238. 


A map f : S—> Sis called permutation on set S if 
(b) fis onto 
(d) None of these 


(a) f is one-one 


(c) f is one-one onto 


The number of permutation on a set containing n 


elements is 
(a) (n- 1)! (b) n! 

n! (n—1)! 
(c) o (d) 3 


Let, S be set containing 3 elements. Then number of 
permutation on S is 
(a) 2 

(c) 6 (d) 8 

Which of the following is identify permutation of 
degree 2 is 


The inverse of permutaton ae is 
o 1 2 


a 
— 
Pe 
NN WDD 
Ww w 
teas 


The set S,, of all permutations of n symbols in a finte 
group with respect to 

(a) additional of permutation 

(b) subtraction of permutation 

(c) permutation multiplication 
(d) 


d) None of these 


The group S,, is called 


(a) symmetric group 


239. 


240. 


241. 


242. 


243. 


244. 


245. 


246. 


(b) permutation group 
(c) non-symmetric group 


(d) both (a) and (b) 
The order of group S,, is 


(a) n (b) n-1 
(eal (a) 7! 
2 


The order of symmetric group Py is 


(a) 4 (b) 12 (c) 24 (d) 48 
Then centre of symmetric group S,, for n= 3is 
(a) I (b) S, 

(c) (d) not exist 


Which of the following is not true for symmetric 
group S» 

(a) Sg is abelian 

(b) The order of So is 2 

(c) Sp is cyclic group 

(d) The centre of Sz is {1} 

The symmetric group Sy is 

(b) non-cyclic group 

(d) None of these 


(a) cyclic group 


(c) non-abelian group 


Let f = F | be permutation then - is 
Lt. “2 

b 

(> 3] 
1 2 

d 

(d) p 5) 
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247. 


248. 


249. 


250. 


251. 


252. 


253. 


254. 


255. 


256. 


The centre of symmetric group 


sf Jee 


(a) (b) {ft 

(c) U, ft (d) 

The number of elements in symmetric group S» 
have self inverse is 
(a) 0 

(c) 2 


(b) 1 

(d) None of these 

The number of subgroup of symmetric group Sp is 
(a) 1 (b) 2 

(c) not exist (d) None of these 

The order of symmetric group S3 is 


(a) 3 (b) 4 (c) 5 (d) 6 


The symmetric group S3 is 


(a) abelian (b) non-abelian group 
(c) cyclic (d) simple 
. : 1 3). 
The inverse of permutation is 
B 1 
1 2 3 1d. o2. 3 
(a) (b) 
Z oy 1 2.3. 
1 2 3 I 2. 3 
(c) (d) 
3 1 2 1 3 2 
1 2 ie, 
Let, f= 1 3 be element of S3 then f ~~ is 
(a) f (b) I 
1 2 3 1 2 3 
(c) (d) 
2 1 3 3.2 1 
Let, f= (; : il then ia is equal to 
(a) f (b) I 
(c) oo (d) None of these 
1 3 2 


The number of elements in S3 which has self inverse 


(a) 2 (b) 3 
(d) 5 


The number of non-identity element in S3 is of order 
2 is 


257. 


258. 


259. 


260. 


261. 


262. 


263. 


264. 


(a) 2 (b) 3 

(c) 4 (d) 5 

The number of proper normal subgroup of S3 is 
(a) 0 (b) 1 

(c) 2 (d) 3 

The proper normal subgroup of S3 is 

(a) Ag (b) Ag 

(c) {I} (d) S3 


The index of set of even permutation Ag, in 


symmetric group S3 is 


(a) 1 (b) 2 
(c) 3 (d) 4 
Let, A= > 238 and B= P28 then 
2 3 1 I! 3s 22 
which of the following is false? 
(a) AB is : 2 3 
Bn 2-1 
(b) At = 3 1 2 
2 i 
(c) ABT = 1 2 3 
3.2 41 
(d) AB=BA 
The inverse of permutation is oat ee is 
2 3 4 1 


4] (b) (; 2 3 ‘| 
3 3.1 2 4 

| (d) i 4 1 | 
4 1 4 3 2 


The number of proper subgroup of S3 is 


No PD 
PN NH 


(a) 1 (b 2 

(c) 3 (d) 4 

Which of the following is proper normal subgroup of 
S3 

(a) Ut (b) 4, (12), (23), (13)} 


(c) d, (12), (23)} (d) 4, (123), (132)+ 


Every finite group is isomorphic to permutation 
group, is known as 
(a) Wilson theorem (b) Fermat theorem 


(c) Euler theorem (d) Cauley theorem 
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265. 


266. 


267. 


268. 


269. 


270. 


271, 


272. 


273. 


274 


? 


; 12 5 3 6 4 
The permutation is 
24 5 1 6 3 
expressed incycle as 275. 
(a) (12 34) (b) (12 43) 
(c) (21 43) (d) (13 24) 
A cyclic of length 2 is called 
(a) transformation (b) transposition 
(c) resolution (d) None of these 276. 
Which of the following is not true? 
(a) Any two cycles commute. 277. 
(b) Any two disjoint cycle commute 
(c) Every cycle can be expressed as product of 
transpositions 
(d) None of these 
1 2: 3 a a 
The order of permutation f = is 
2 3 4 1 
(a) 2 (b) 3 (c) 4 (d) 1 
The order of permutation 
pee Se ee ee 279. 
4 3 8 5 7 6 1 2 9 
(a) 4 (b) 3 (c) 8 (d) 12 
The identify premutation is 
(a) even 
(b) odd 
(c) neither even nor odd 280. 
(d) None of these 
The permutation aes is 
2 3 45 1 
(a) even 
(b) od 
(c) neither even nor odd 
(d) None of these 
The permutation f = . = is 
2 3 4 1 
(a) even (b) odd 
(c) never odd (d) None of these 
281. 


The product of two even permutation is 
(b) odd 


(c) may be even or odd(d) None of these 


(a) even 


The product of two odd permutation is 


(a) odd 


(c) may be even or odd (d) None of these 


(b) even 


The product of even and odd permutation is 
(a) even 

(b) odd 

(c) Neither even nor odd 

(d) None of these 

The number of even permutation in S3 is 

(a) 1 (b) 2 (c) 3 (d) 4 


The number of odd permutation in S3 is 


(a) 1 (b) 2 


(c) 3 (d) 4 


Which of the following in S3 is not even 


permutation? 


(a) I (b) (123) 


(c) (132) (d) (23) 

Which of the following is false? 

(a) Identity permutation is always even. 

(b) The product of two even permutate is even. 
(c) The product of two odd permutate is odd. 
( 


d) The product of one even permutation and one 
odd permutation is odd. 


Which of the following is not true? 


] 
(a) of n! permutations on n symbols, a are even 


n! 
and a are odd. 


(b) The set of all even permutations of degree n 


| 
form a finite group of order * with respect to 


permutation multiplication. 
(c) The set of all odd permutations of degree n form 


] 
a finite group of order 2 with respect to 


permutation multiplication 
(d) A permutation cannot be both even and odd. 
The set of even permutation on n symbol. An is 
group with respect to 
(a) permutation addition 


(b) permutation subtraction 
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282. 


283. 


284. 


285. 


286. 


(c) permutation multiplication 
(d) None of these 
Which of the following is not true? 
(a) Anis subgroup of S,, 
(b) An is normal subgroup of S, 
n! 
(c) of A,) = 2 
(d) The index of Anin S,, is 3. 
The set of all permutation with respect to 
permutation multiplication is 
(a) group 
(b) does not form a group 
(c) subgroup of S, 
(d) None of these 
The number of disjoint cyclic of length = 1 in the 


permutation 


i 2 3 4 5 6 i} 
f= is 
5 2 7 6 3 4 1 
(a) 1 (b) 2 

(c) 3 (d) 4 


The order of permutation 
= 1 2 3 4 5 6 7 
“te 5 2-9 2.6. 4 


1S 


(b) 2 
(d) 4 


CONJUGACY RELATION, CLASS EQUATION OF 
GROUP AND DIRECT PRODUCT 


287. 


288. 


Let, Gbe a group then element be Gis conjugate is 
ae Gif 


(a) b=x lax: x eG 


(c) b=ax,xeG 


(b) b=xtaxeG 
(d) b= atx}. xeG 


The relation of conjugacy (~) on group G is 
(a) only reflexive (b) only transitive 


(c) only reflexive (d) equivalence relation 


289. 


290. 


291. 


292. 


293. 


294. 


295. 


296. 


297. 


298. 


Let, G be abelian group, of order n, two number of 
distinct conjugacy class having one element is 

(b) n-1 

(d) n-—3 


Let Gis finte group with two distinct conjugacy class 


(a) n 
(c) n-2 


then order of Gis 


(a) 1 (b) 2 

(c) 3 (d) 4 

The number of conjugacy of symmetric group So is 
(a) 1 (b) 2 

(c) 3 (d) 0 

The number of conjugacy class of S3 is 

(a) 2 (b) 3 (c) 4 (d) 5 


Let Gbe an abelian group, then number of elements 
in each conjugacy class of ae Gis 

(a) 1 (b) 2 (c) 3 (d) 4 

Let, Gbe a group and ae Z(G) where Z(G) = centre 
of group. Then 
(a) N(a)=G 

(c) o(N(a)) # o(G) 


Let, G be a finte group, then class equation of G is 


(b) N(a)#G 
(d) None of these 


(a) a(G) = ofZ(G)) + oG) 
o 2g O(N) 
(b) AG) = AN@)) + at) 

Sig olNa)) 
(c) o(G) = 0(Z(G)) le) 
c) o fo) + ote oZ(G) 


(d) None of these 
Let, G be a group such that o(G) = p”. Then 


(a) Z(G) = {p} (b) Z(G) 1= {p} 


(c) AZ(G)) =1 (d) None of these 

Let, G be a group such that o(G) = p- where p is 
prime, then Gis 

(b) abelian 


(d) simple 


(a) none-abelian 
(c) cyclic 
If Gis non-abelian group such that o(G) = p° where 


p is prime. Then 


(a) o[Z(G)] =p 
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299. 


300. 


301. 


302. 


303. 


304. 


305. 


306. 


The identify of group Z, x Z3 is under addition 


modulo 

(a) (1, 1) (b) (0, 0) 

(c) (1, 0) (d) (0,1) 

Which of the following is true? 

(a) Zo x 23 =Zo (b) 2g x Z3 =Z3 308. 
(c) Z9 x23 =Z¢6 (d) None of these 

Two cycle group of same order is 

(a) isomorphic 

(b) never isomorphism 

(c) sometimes isomorphic 

(d) None of these 

If H and K are abelian group. Then H x K is 

(a) abelian (b) not abelian 

(c) cyclic (d) None of these 309. 
The group Zy x Z3 is cyclic group generated by 

(a) (1, 2) (b) (1, 1) 

(c) (1, 3) (d) (2,1) 

The direct product of two cyclic group is cyclic of 

they are 

(a) prime order 

(b) co-prime order 310. 
(c) not coprime order 

(d) None of these 

Let, G, and Gp are two groups. Then G, x {ej} is 
isomorphic to 

(a) {e,} (b) G, 311. 
(c) Go (d) G, x Go 

Let, G is internal direct product of subgroup H and 

K. Then a is isomorphic to 

(a) H b) K 312. 
(c) HxK (d) None of these 


MISCELLANEOUS EXERCISE 


307. 


Which of the following is not a abelian group with 313. 


respect to multiplication? 
(a) The set of cube root of unity (1, o, 0} 


(b) The set of fourth root of unity {1, -1,i, —i} 


(c) The set of four matrices [1 1 
lo 3] 


[1 O]f-1 0] 
lo -1|[ 0 -a| 
(d) The set S= {-2,-1,1, 2} 
Which of the following form a group? 
(a) The set of all odd integers with respect to 
addition. 
(b) The set G= {...,—4m, —3m, —2m,-—m 0, 
n, 2n, 3n, 4n, ...} of multiple of integers by a fixed 


integer n with respect to addition. 
(c) The set of all natural numbers with respect to 
addition. 
(d) The set of integers with respect to multiplication. 
Let, Gbe the set of all positive rational numbers and 


obe a binary operation in G defined as aob = ° for 


a, be G. Which of the following is not true? 
(a) Gis closed under o. 


( 


b) 
(c) ois commutative. 
(d) 


The entire residue classes moduo 7 


Gis a group. 
Gis a non-abelian group. 


(a) form a grpup with respect to multiplication 


( 


b) 

(c) do not form a group under multiplication 
(d) 

Any group of order 3 is 


form an abelian group under to multiplication 


None of the above 


(a) cyclic 
( 


b) 

(c) not sufficient to form a group 

(d) 

The set generators of 

G= {a, a’, a’, a’, a”, a°, a’, a® = e} is 
(a) tat 


(c) {a, a’, a, a’} 


no cyclic group with abelian 


Nonee of the above 


(b) {a°, a®, a, a”} 
(d) {a, a3, a, a®, a’} 


The number of trival subgroup of a cyclic group of 


order 8 is 
(a) 0 (b) 1 
(c) 2 (d) 3 
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314. 


315. 


316. 


317. 


318. 


319. 


The inverse of the permutation 3 
2 3 4 1 


1 4 i} 
is 


3 4 1 2 
Tee 
1 4 2 3 
(b) é 2 3 A 
3 1 2 4 
132 4 
ete, 
221 4 
(d) & 4 1 | 
1 4 3 2 


The set of all real numbers of all the form m + nV2, 

m, ne Q where m, nare non zero real numbers is 

(a) a group under multiplication but not a group 
under addition. 

(b) a group under addition but not a group under 
multiplication 

(c) agroup under addition and multiplication both 

(d) None of these 

The possible order of non-trival distinct sub-group is 

(a) a prime number 

(b) 

(c) a composite number 

(d) 

An alternating definition of a subgroup is 

(a) H c G His a subgroup iff blaeH Va, be H 

(b) H ¢ G His a subgroup iff abte H, Va,be H 

(c) H ¢ G,His a subgroup iff abe H Va, be H 

(d) None of the above 


a factor of the order of the group 


None of these 


Which of the following is false 

(a) Every cyclic group is abelian, 

(b) The order of cyclic group is same as the order of 
its generator, 

(c) The generator of cyclic group of order n are all 
the elements a?,p being prinic to n and 
o<p<n. 

(d) If ais a generator of a cyclic group G, then a lis 
also a generator of G. 

(e) Every group of composite order is cyclic. 


Which of the following is false? 


(a) If Gis a fintie group and ae Gthen ol, 


o(G) 


320. 


321. 


322. 


323. 


324. 


325. 


326. 


327. 


(b) The order of each subgroup of a finite group is a 
divisor of the order of the group. 

(c) A subgroup H of a cyclic group is also cyclic. 

(d) If aH = bH, then aH and DH are disjoint. 

If ais a generator of a cyclic group and o(a) = nthen 

(a) Gis finite group of order n. 

(b) Gis an infinite group. 

(c) Gis non-abelian. 

(d) None of these. 

G is an infinite cyclic group, then 

(a) Ghas infinitely many generators 

(b) Ghas a uniue generator 

(c) Ghas two generators a and a! 

(d) None of these 

If for a, be G, o(ab) = o(a) = o(b) = 2 then 

(a) ab} =b ta (b) ab = ba 

(c) ab = b2a (d) None of these 

Let, (G, - ) be a group. Which of the following is not a 

subgroup of G? 

(a) {x €¢ G: ax = xa} where a is fixed element of G. 

b) {x e G: xH = Hx} where H is subgroup of G. 

c) {xeG: x2 = e} where e is the identity of G. 


d) {x e G:x € Horx € Ho} where Hy and Hy are 
subgroup of G. 


( 
( 
( 


The cyclic group (t, +) where Z is set of integers, has 
(a) only one generator (b) two generators 

(c) many generators (d) no generator 

A cyclic group having only one generator can have 
at most 

(b) 4 elements 


(d) 1 element 


(a) 3 elements 
(c) 2 elements 
Let Z denote the set of integers, which of the 
following operators on Z gives a group? 

(a) a* b=ab (b) a*b=a-—b 
(c)a*b=a+b-ab (d)a*b=a+b+1 

The set {5,15,25,35} forms a group under 
multiplication modulo 40. The inverse of 35 is 

(a) 35 (b) 25 

(c) 15 (d) 5 
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328. 


329. 


330. 


331. 


332. 


333. 


334. 


If H is a subgroup and N is a normal subgroup of a 
group G then 

(a) H U Nis normal subgroup of G 

(b) HN is normal subgroup of G 

(c) H A Nis normal subgroup of H 

(d) H A Nis normal subgroup of G 

Which is not necessarily a normal subgroup of group? 
(a) G 

(b) {e}, where e is the identify element of G 

(c) The centre Z of G 


(d) The normal of an element ae G 


The number of elements in the alternating group A, is 


(a) n (b) n(n —1) 
(c) 2 (a) n 
2 


Let, R be the additive group of real numbers are R* 
be the multiplicative group of positive real number. 
Then the making f :R > R* given by f(x) =e*, 
Vx € Ris 

(a) one-one, onto but not homomorphism 

(b) one-one, homomorphism but not onto 

(c) onto, homomorphism, but not one-one 

( 


d) one-one, onto and homomorphism 


Which group is not abelian? 

(a) acyclic group 

(b) symmetric group S,, 

(c) a group of 4 elements 

(d) group G for which (ab)? = a’b’, VabeG 


How many generators are there for an infinite cycic 


group? 
(a) one (b) two 
(c) three (d) four 


Let, N be a normal subgroup of a finite group G. 
Then the order of quotient group G will be 


_ ») 20) 
(a) o(G) — o(N) (b) O(N) 
(c) o(G) + o(N) (d) o(G)- o(N) 


335. Let, n be the order of an element ‘a’ of a group G. 


Then which of the following elements of G has order 
different from n? 

(a) a?; where p is relatively prime to n 

(b) x~tax 

(c) a 

(d) ax wherex eG 

How many elements of the cyclic group of order of 
can be used as generator of the group G? 

(a) 2 (b) 3 

(c) 4 (d) 1 

If H is any subgroup of a group Gand a, bare any 
elements of G then Ha = Hbiff 

(a) abe H (b) abl eH 


(c) atbeH (d) a'bteH 


For the relation ‘congruence modulo 5’ defined over 
the set Z of all integers. The residue class 
determined by 2 is 

(a) {...,-15,-10, -5, 0, 5,10, 15, .} 

(b) {...,4-9,-41,6,11,16 -.} 

(c) {0,..., -13, -18, -3, 2,7, 12,17, ...} 

(d) {2,7,12,17 22, ...} 

The number of odd permutation of the set 
{a, b, c, d, e} is 

(a) 15 (b) 3 

(c) 60 (d) 12 

Let, G be the multipliative group of positive real 
numbers and G’ be the additive group of real 
numbers. Then the mapping f : G— G’ given by 
f(x) = log x, Vx € Gis 

a) one-one, onto but not homomorphism 

b 


c 


( 
(b) one-one, homomorphism, but not one 
(c) onto, homomorphism, but not one one 
(d) one-one, onto and homomorphism 


In the group {a, a’, a’, a* a, a®, a® = e} the order 


of a? is 
(a) 5 (b) 6 
(c) 2 (d) 3 
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343. 


344. 


345. 


346. 


347. 


348. 


349. 


For the multiplicative group of residue classes 
1, 2, 3, 4, 5, 6 (mod 7) the generating elements is 
(a) 2 (b) 3 

(c) 4 (d) 5 

For the multiplicative group A3 on 3 symbol 1, 2, 3 


is 


(a) U, (12)} (b) 4, (13)} 
(c) U, (23)} (d) U, (123), (132)} 
Let N, and No be two normal subgroup of group G. 
Then ee if and only if 
N, No 
(a) Ny A No = {p} (b) Ny CNo 
(c) Nj; UNg=G (d) Ny = No 


If p is prime number and Gis a non-abelian group of 


order p’, then number of elements in the centre Gis 


exactly 
(a) p-1 (b) p 
(c) p+1 (d) p? 


The number of odd permutation on the set 
{1, 3, 5, 7, 9} is 


(a) 15 (b) 20 


(c) 60 (d) 120 


Which power multiplicating itself of the permutation 


f=(; 2 3 paves(; 2 od 4)? 


3 4 2 12 3 4 
(a) f (b) f? 
(c) f° (d) f* 


The number of generator of cyclic group of order 10 


Order of cyclic group and order of its generating 


elements 


(a) are equal 


350. 


351. 


352. 


353. 


354. 


(b) order of first in greater than order of second 
(c) order of first is less than order of second 


(d) order of first is multiple of order of second 
Which group is not abelian? 

(a) Every first group of order less than 6 

(b) Every cyclic group 

(c) The multiplicative group of nth root of unity 
(d) The symmetric group S,, 

Cayley theorem informs that any group originally is 
(a) an abelian group 

(b) transformation group 

(c) subgroup of transformation group 

(d) Symmetric group 

The number of generator of cyclic group Z9 is 

(a) ° 


(c) 2 


If p is prime and 1 + (p — 1)! is divisible by p then 
this theorem is known as: 


(a) Mean value theorem 
(b) Fermat’s theorem 
(c) Wilson’s theorem 


(d) None of these 


Which one of the following statements is false? 


(a) Every permutation is a cyclic. 
(b) Every cycle is permutation. 


(c) S,, is cyclic for all n. 
(d) Every permutation o € S, can be written as 
product of (n — 1) transformations. 
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221. (b) 222. (c) 223. (b) 224. (b) 225. (b) 226. (c) 227. (b) 228. (b) 229. (d) 230. (d) 
231. (d) 232. (c) 233. (b) 234. (c) 235. (b) 236. (b) 237. (c) 238. (d) 239. (c) 240. (c) 
241. (a) 242. (d) 243. (a) 244. (d) 245. (a) 246. (c) 247. (c) 248. (c) 249. (b) 250. (d) 
251. (b) 252. (a) 253. (a) 254. (b) 255. (c) 256. (b) 257. (b) 258. (b) 259. (d) 260. (d) 
261. (d) 262. (a) 263. (d) 264. (d) 265. (b) 266. (b) 267. (a) 268. (c) 269. (d) 270. (a) 
271. (a) 272. (a) 273. (a) 274. (b) 275. (b) 276. (c) 277. (c) 278. (d) 279. (c) 280. (Cc) 
281. (c) 282. (d) 283. (b) 284. (c) 285. (c) 286. (d) 287. (a) 288. (d) 289. (a) 290. (b) 
291. (b) 292. (b) 293. (a) 294. (a) 295. (b) 296. (b) 297. (d) 298. (b) 299. (b) 300. (c) 
301. (a) 302. (a) 303. (b) 304. (b) 305. (b) 306. (b) 307. (d) 308. (b) 309. (d) 310. (b) 
311. (a) 312. (c) 313. (c) 314. (a) 315. (c) 316. (b) 317. (b) 318. (e) 319. (d) 320. (a) 
321. (c) 322. (b) 323. (d) 324. (b) 325. (c) 326. (c) 327. (c) 328. (d) 329. (d) 330. (c) 
331. (b) 332. (b) 333. (b) 334. (b) 335. (d) 336. (c) 337. (b) 338. (d) 339. (c) 340. (d) 
341. (b) 342. (b) 343. (d) 344. (d) 345. (b) 346. (c) 347. (c) 348. (b) 349. (a) 350. (d) 
351. (c) 352. (b) 353. (c) 354. (d) 


24. 


25. 


29. 


30. 


35. 


42. 


47. 
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HINTS AND SOLUTIONS 


(c) The no. of binary operation on set containing 2 
elements = 22 = 24 =16 

Option (c) is true. 
(c) Let, G= {1, -1,i, -i} be multiplicting group 
Since, (-1)-(-—1) = 1 = identify 
=> inverse of (—1) = (-1) 

Option (c) is true. 


(c) Since, 0-@? =@° 


= 1 = identity 
=> inverse of w= 0 
Option (c) is true. 
(a) Let e be identity 
e®x=x VxeR 


By definition 
e+x-5=x 
> e-5=0 
> e=5 
identify = 5 


Option (a) is true. 
(c) Let e be identify 
e*x=x; VxeZ 
By definition 
e+x+1l=x 
> e+1=0 
=> e=-1 
Identify = -1 
Now, let a be inverse of 5 
ax 5= identify = -1 
=> a+5+1=-1 
> a=-7 
Inverse of 5=—7 
Option (c) is true. 
(d) Since, 10+ 40 = 50 = 0 = Identity of Z59 
=> Inverse of 10 = 40 
Option (d) is true. 
(b) Since 17 x 15 = 255 = 1 [.: 255 = 1 (mod 17)] 
Inverse of 17 =15 
Option (b) is true. 


(d) Given that 
aob=a+ b+ ab 
Re 20x05 
> (2+ x + 2x) ob=7 
=2+x+2x+5+10+ 5x+10x=7 
> 18x =-10 


Option (d) is true. 
(b) The number of subgroup of (2,7, +) 
= number of divisor of 17 
=2 (. 1 and 17 are only divisor of 17) 
Option (b) is true. 
(c) The number of subgroup of Z;4 
=4 (1, 2, 7, 14 are divisor of 17) 
Option (c) is true. 
(b) The number of subgroup of (Z 999, +) 
= number of divisor of 200 
=12 
Option (b) is true. 
(b) Since, @? =1 > oo) =3 
Option (b) is true. 
(d) Since, i? = -1, i9 =-i 
it=1 = of)=4 
Option (d) is true. 


(d) 3° =34+ 3=6=2 [- 6 —2(mod 4)] 
337 =34+3+3=9=2 
34 =~ 3434+34+3=12=0 [-12=0(mod 4)] 


=> o(3)=4 
Option (d) is true. 


(d) Since, 19 =14+141+1+1=5=0 


[.: 5= 01 mod 5)] 
> ol) =5 
option (d) is true 
(d) Given that a° = e, aba"! = b” out) 
Consider (aba~!)? = (aba~!) (aba!) 
= aba! aba! 
= abba"! [- a a= 
= ab*a! 
= a(aba™})a"} [- abaq} = b?] 
= aba? 
(aba)? = aba? (2) 
Similarly, (aba~!)4 = a°ba® 


(aba7)8 =a’ ba“ 


and (aba~1)16 =a°ba° 


94. 


95. 


96. 


100. 


105. 


= ebc [3 a? = e] 
=b 
Hence, (aba~‘)!® = b 
=> (b?)!° = b [- aba! = b?] 
=> b? =b 
> bise 


=> Ab) | 31, then o(b) =1or 31 
Since,b#¥e => Ab) #1 

> ob) = 31 

*. Option (d) is true. 

(a) Given o(a) = 4, ob) = 3 


=> at =e, b> =e sett) 
Since, G is abelian 
(ab)* = a*b4 
=eb* [ a’ = e] 
=b' =b* b=eb [-- b? =e] 
=b 
Hence, (ab)* =b 
= o{ab) = o(b) = 3 


*, Option (a) is true. 
(c) o{ab) = ofa) Ab) = 2x 2=4 
*, Option (c) is true. 


(ab) —_ 
g.c.d.(15,(b)) g.c.d (15, 20) 
[- ofb) = 20) 
-20_4 
5 
*, Option (c) is true. 
(b) Given that o{a) = o(b) = 2 
=> a’ =e, b’ =e ...(1) 
Then, (aba~!)? = aba! aba! 
= abba"! 
= aba} 
=aea! [by (1)] 
=aat=e 
=> o(aba“!) = 2 


*. Option (a) is true. 

(d) If f :(R*,-) > (R*,-) be 
fix) =x? 41 

Then for x, ye R* 

fix) =x? +L fy=y? +1 


and f(xy) = (xy)? +1= x2y? +1 


106. 


107. 


115. 


120. 


127. 


130. 


146. 


151. 


# f(x) f(y) 
= fis not homomorphism 
.. Option (d) is true. 
(d) f :(Z, +) > (Z, +) defined as f(x) = 2x 


Letx,yeZ = f(x) =2x, f(y) =2y 
f(x + y) = 2x + y) = 2x + 2y 
= f(x) + fly) 


=f is homomorphism 

f is one-one 

Consider f(x ) = f(x) where x1, x9 ¢€Z 

= 2x1 = 2X9 >Xy =Xo9 

“. fis one-one. 

Hence, f is one-one homomorphism 

*, Option (d) is true. 

(b) f :(R, +) > (R*,-) 
f(x) = 2"; 

Letx,yeR = f(x) = 2%, f(y) =2y 


fix + y) = 2574 = 2°. 2Y = Fix) f(y) 
=> f is homomorphism 


xeR 


Also f is one-one. 

Hence, f is one-one homomorphism. 
*. Option (b) is true. 

(a) (27) = [F217 


fod 


=3 
*. Option (a) is true. 
(b) Suppose f : G— G defined as 
f(a) = a’ is homomorphism 
f(ab) = f(a) f(b) 
> (ab)? = ab”; Va, be G 
= Gis abelian. 
*, Option (b) is true. 
(d) The number of homomorphism from Z5, to Z7 is 
= g.c.d. of 5 and 7 

*, Option (d) is true. 
(a) kerf = {x € G: f(x) =1 (identify)} 

={xeG:x=l]} 

= {1} 
*, Option (a) is true. 
(b) The number of generator of cyclic group of 
order 7. 

= 0(7) = 7 —1=6 [where 9 is euler function] 

(d) The number of generator of cyclic group of Z 

9) = 43°) = 3° -3=9-3=6 


*. Option (d) is true. 
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152. 


186 


234. 


236. 


240. 


244. 


265. 


(d) The number of subgroup of Zs, 


= Number of divisor of 50 
=6 [. 1, 2,5, 10, 25, 50 are divisor of 50] 
(c) o(H) =7, o(K) =9 
Then, o(H Ak)/7, (AH AA)/9 2, (1) 
Sine o(H a ull o(H a k) 
7 9 
> o(H 4 K)=1 
Then (1) becomes 
He 368 


. Option (c) is true. 
(c) The number of permutation on set containing 3 
elements = 3!=6 


‘+, Option (c) is true. 


TZ 
(b) Letf=(5 1 | 


412 1-2 
reli 2 4 


-(; ; 7 [e3311352253 


. Option (b) is true 
(c) The order of permutation of symmetric group 
Py =4!=4x3x2 
= 24 


*, Option (c) is true. 


— 7 


Option (d) is correct. 


1253 6 4 
Mie gs 16 a) 


=(1 2 4 3)(6 
=(1 243) 
+, Option (b) is true. 


268. 


269. 


272. 


312. 


341. 


346. 


123 4 
© s-(3 3 4 ) 
=(1234) 


o(f) = length of cycle (1234) =4 
*, Option (c) is true. 


123 4 5 67 8 9 
(d) f= 
4 3 8 5 7 61 2 9 
= (1457) (238) 
*. Of) =lc.m. of length 4 and 3 
=12 


*, Option (d) is true. 


1 ' 23 a 
@l f=(; 3 4 i} 


=(1234) 

Length of f = 4 (even) 
-, Permutation is odd. 
Option (a) is true. 

(c) o(G) = 
(3, 8) = 
(5, 8) 
(7, 8) 


8 where a is generator of G 
1 >a°is generator 
=1 >a’ is generator 
=1 >a’ is generator 
*. The set of generator = {a, a’, a?,a 7 


.. option (c) is correct 


(b) o(a) =6 
ofa’) = 010, 6 
(5, o(a)) (5, 6) 
[(5, 6) = g.c.d. of 5 and 6] 
er: 
1 


*, Option (b) is true. 
(c) Let, G = {1, 3, 5,7, 9} 
The number of permutation of set G containing 5 
elements = 5! 
*. The number of odd permutation 

_ 5! 5x4x3x2 

2 2 

= 60 

. Option (c) is true. 


O00 


CHAPTER 


4 


DEFINITION OF RING 
A system (R, +, -) consisting of a non-empty set and 
two operation + and - is called Ring if the following 
conditions are satisfied: 


1. (R, +) is an abelian group 
2. (R, -) is a semi group 
3. - is distributive over + i.e. 


(i) a-(b+c)=a-bt+a-c 


(ii) 


(a+ b)-c=a-c+b-c;Va,b,ceR. 


Ring with Identity: A ring (R, +, -) is said to be ring 7 


with identity (unity) if 3 1e R such thatl-a=a=a-1 
;VaeR. 

Commutative Ring: A ring (R,+,-) is said to 
commutative ring ifa- b= b-a,V a, be R. 

(Z, +, -), (Q, +, +), (R, +, -) and (C, +, +) 


are commutative ring with identity. 


Example 1: 


Example 2: (Z,,,+,:) is commutative ring with 
identity 1. 
Example 3: Let P(X) be power set of set X. Then, 


(P(X), ®, A) is commutative ring with identity X 
where © = symmetric difference, ~ = intersection. 
The set S={a+ bV2:a, be Q} is 


commutative ring with unity with respect to ordinary 


Example 4: 


addition and multiplication of real numbers. 


Example 5: The set M,, of n xn matrices forms a 
ring with respect to addition and multiplication of 


matrices when elements of matrices are real number. 


Unit-Ill 
Ring 


ZERO DIVISOR 
Let (R, +, -) be a ring. An element a (¥ 0) € R is called 
left (right) zero divisor if 3 bc (# 0) € R such that 

ab = 0(ba = 0) 
An element which is both left and right zero divisor is 
called a zero divisor. 
Example:  In(Z¢, +, ), [2]is left as well as right zero 
divisor, because 
[2] [3] = [6] = [0] = [3] [2] 
[3] [3] = [0] = [3] [2] 


Ring with Zero Divisor : A ring (R, +, -) is said 


H 


to be ring with zero divisor if 4 a # 0,b # Osuch 
that a-b=0 i.e. product of two non-zero 
element of R is zero. 

Example: (Z¢, +,-) is ring with zero divisor 
because, [2]40, [3]#0¢2Z,¢ such _ that 
[2] [3] = [6] = [0] i.e. product of two non-zero 
element of Z¢ is zero. 

2. Ring without Zero Divisor : A ring (R, +, -)is 
said to be ring without zero divisor if 3 a # 0, 
b#0>a-b#0,V a, be Ri.e. product of two 
non-zero element of R is non-zero. 

Oor b=0. 


(Z, +, ), (Q, +, ) (R, +, ) are ring 


or ab=O0>a 


Example : 


without zero divisors. 


INTEGRAL DOMAIN 

A ring (R, +, :) is said to an integral domain if it is 
1. commutative. 

2 has unit element. 

3. is without zero divisors. 
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Thus, Commutative ring with unity is said to be an 


integral domain i.e. it is without zero divisors. 


Example 1: (Z,+,:)(R, +, -)is an integral domain. 


Example 2: ThesetS={a+ b 2 :a, be Q} is an 


integral domain. 


Example 3: (Z,,, +,:) is an integral domain if m is 


prime. 


CANCELLATION LAW IN A RING 

Let (R, +, :) be a ring and if a (# 0), b, ce R such that 
1. a-b=a-c=> b=c (Left Cancellation Law) 
2. b-a=c-a= b=c (Right Cancellation Law) 


Then we say cancellation laws holds in R. 


DIVISION RING OR SKEW FIELD 

A system (D, +, -) consisiting of a non-empty set D and 
two binary operation + and - is called division ring or 
skew field if the following conditions are satisfied: 


ui (D, +) is commutative group 
2. (D*, -) where D * = D — {0} is a group 
3. - is distributive over + i.e. 


(i) a-(b+c)=a-bt+a-c 

(ii) 
Thus, ring (R, +, -) is called a division ring if its the set of 
non-zero elements form a group under multiplication. 


(b+c)-a=b-a+c:-a,Va,b,ceD. 


Example: (Q,+,:),(R, +,-),(C, +, -)is division ring. 


FIELD 

A commutative ring (R, +, :) with identity is called field 
of every non-zero element of R has multiplicative 
inverse. 


In otherwords, A commutative division ring is called 
field. 


Example: (Q,+,-:),(R,+,:),(C, +, -)are field. 
Observations 
1. A ring R is with zero divisiors iff the cancellation 


law hold in R. 


Z Every division ring is a ring without zero 
divisors. 


A finite integral domain containing more than 
one element is a division ring. 


4. Every field is an integral domain but converse is 
not true. 
Every finite integral doamin is a field. 

6. A finite commutative ring without zero divisors 


is a field. 


CHARACTERISTICS OF RING 


Let (R, +, :) be a ring with 0 as its zero element if there 
exist a positive integer n such that 


na=a+a+...tonterms=0,VaeR. 


Then such smallest positive integer n is called 
characteristics of ring (R, +, :). 


In this case, we say char R =n. 


If no such positive integer n exists, then ring (R, +, -) is 
said to be characteristics zero or infinite. 


ie. charR=0. 


Example: The characteristics of (Z, +, -), (Q, +, °), 


(R, +,-), (C, +,-) are all zero because there exist no 
positive integer n such that 


na=Q;VaeZ,aeQ,aeR,aeC. 


CHARACTERISTICS OF AN INTEGRAL DOMAIN 


An integral domain (D,+,-) is said to be of 
characteristic O if order of every non-zero element of D 
is of infinite order. 


If order of a non-zero element (and hence all non-zero 
elements) is m (finite) then m is called the 
characteristics of D i.e. char D =n. 
Example: Find the characteristic of integral domain 
(Z3,+,°). 
We have 

Z3 = 1(0), (1, [2]} 
Consider non-zero element [1] and [2], we have 

(3 =M+ M+ M=(31=19 


> O([1]) = 

and [2° = [2] + [2] + [21 =[6 = (0) 

> 0 ([2]) = 

Hence each non-zero element of Z3 is order of 3. 

“. char Z3 =3 

Observations 

1. Char (Z,,, +, :) = p; where p is prime. 

2. Each non-zero element of an integral domain D 
regarded as a member of additive group of D is 
of same order. 

3. The characteristics of an integral domain is 


either O or prime number. 


4. The order of finite integral domain is p” for 
some prime pandn> 0. 


5. Order of finite field is p” for some prime p and 
n>0. 
SUBRING 


Let (R, +, -) be a ring. A non-empty subset S of R is 
called subring of R if S is a ring with respect to the 
induced operation + and-i.e. if(S, +, -)is itself a ring. 


If (R,+,-) is any ring, then {0} and R are always 
subring of R. These subrings are improper or trivial 
subrings and other subrings are called proper or 
non-trivial subring of R. 


Example 1: 

1. (mZ, +, +) is subring of (Z, +) 
2.  (Z,+,:) is subring of (Q, +, -) 
3.  (Q,+,-) is subring of (R, +, -) 
4.  (R,+,-) is subring of (Q, +, :) 


Example 2: Z x {0} is subring or Z x Z. 
Observations 
1. The necessary and sufficient condition for a 
non-empty subset S of a ring R to be subring of 
R are 
(i) abeSsa-beS 
(ii) a,beSsabeS 


The intersection of two subrings is a subring. 
An arbitrary intersection of subrings is a subring. 


4. Union of two subrings need not to be subring. 


IDEALS OF RING 


Left and Right Ideal: A subring S of ring R is called 
left ideal ifrse R,VreR,seS. 


A subring S of ring R is called as right ideal if sr € S, 
VreR,seQ'S. 


Ideal: A subring S of a ring F is said to be an ideal if it 
is both left as well as right ideal. 


ie. ifrse SandsreS,VreR,seS. 


Note: In a commutative ring, every left ideal is right ideal. 


Example 1:  mZ is an ideal of (Z, +, -) 

Example 2:  Z is not ideal of R because 
V2eR1eZ 

> J2-1=/2¢Z 


Similarly, Q is not ideal of R. 
R is not ideal of C. 

Example 3: If R is commutative ring and ae R then 
the set 

Ra = {ra:re R} is an ideal of R. 
In a similar way, 

aR = {ar :r € R} is an ideal of R. 
SIMPLE RING OR PRIME RING 


A ring having no proper ideal is called prime ring or 
simple ring. 
Observations 


1. A field has no proper ideal. 


2. Intersection of two ideals is an ideal. 
3. Union of two ideals of a ring R need not be an 
ideal of R. 


4. If Sy; and So are ideal of ring R then the set 
S,+ So ={a+ b:aeS),be So} is also an 
ideal of a ring R. 

5: A commutative ring with identity is field if it has 
no proper ideals. 

6. If R be ring with unity such that only right ideals 
of R are {0} and R. Then R is a division ring. 


A division ring is a field. 
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8. A division ring is a simple ring. 2. 
9. If U is an ideal of ring Rand1l¢ UthenU = R. es4 
+1. 


DIFFERENCE RINGS OR QUOTIENT RING 
: ; RING HOMOMORPHISM 
Let Sbe an ideal of ring (R, +, -) then the set of cosets S 


If R has unit element, then : has unit element 


inR Let R and R’ be two rings. A map f : R > R’ is said to 
R be ring homomorphism if 
ia alco 1. fla+b)=fla)+ fb) 
is ring w.r.t addition (+) and multiplication (-) defined 2. flab) = f(a) + f(b); Va, be R 
as Types of Homomorphism 
(S+a)+(S+ b)=S+(a+b) 1. An_ injective homomorphism f:R— R’ is 


(S+a)-(S+ b)=S+ab:V a, beR. called monomorphism. 


The ring is called Quotient ring or Factor ring or 
Difference ring. 


A surjective homomorphism f:R—- R’ is 
called an epismorphism. 


R 3. A bijective (one-one onto) homomorphism 
Observations : Let Ss be quotient ring then f :R— R’ is called isomorphism and in this 


R case we write R = R’. 
1. If R is commutative, Ss is commutative. 


Solved Examples 


Example 1: _ Let C be ring of complex numbers Hence f is not a ring homomorphism although f is group 


then a map f:C-—C defined by f(Z)=Z where homomorphism. 
ZeC and Z is complex conjugate of Z is 


. Properties of Homomorphism 
homomorphism. 


I, If f: “is ring h hism th 
Solution : Consider f:C— C;as [OR Beene nomome pnpan nen 


flZ)=Z,ZeC (i) fQ)=0" 

(Z,+Z)=Z,+Z (ii) f(-a)=- f(a) 
$y + 2a) = Ey + 22) = 2 + Ze (ii) f(a — b) = fla) - fb) 
= f(Z1) + f(Z2) : fla-b)=fla)-f 


iv) f(na)=n f(a) 


where a, be Randne Z. 


(ii) f(Z,Z9) = (ZZ) = 2)Zp = f(Zy) f(Z>) 
f : C> Cis ring homomorphism. 
Composition of two ring homomorphism is a 


z 
Example 2: The map f:Z-—mZ defined by ring homomorphism 


f(x) = mx where x € Z is not a ring homomorphism. a . . . 
Composition of two isomorphism is 


Solution: Define f:Z—mZas . . 
isomorphism. 


= Z 
ee ae 4. If f:R—R’ is an _ isomorphism, then 
(i) f(xy + xg) =m (xy + xg) =mx, + mx 

= f(xy) + fxg) 


(ii) f(xyxX9) =m (x}xX9) #mx1-MxXo 


# f(xy) (xg) 


f 1. R’ > Ris also an isomorphism. 


5. If f :R > R’ be onto homomorphism and S be 
an ideal of R then f(S) is an ideal of R’. 


Ring En 


6. If f :R — R’ is an isomorphism and R isa field, 2. If f :R > R’ is ring homomorphism, then ker f 


then R’ is also a field. is an ideal of R. 
Kernel Of Ring Homomorphism 3. A homomorphism f :R— R’ is isomorphism 
If f :R > R’ be ring homomorphism then the Kernel © ker f = {O}. 
of f is defined as 4. Fundamental theorem of homomorphism: 
ker f a {ae R: f(a)=0'} Let f:R—R’ be surjective homomorphism 
Note : ker f CR and ker f = S.Then == R’. 
Observations 
1. The Kernel of ring homomorphism from ring R 


to R’ is subring of R. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS ve If each element of ring (R, +, :) is an idempotent then 
Direction : Each of the following questions has four Ris 
alternative answers. One of them is correct. Choose (a) Commutative ring 
the correct answer. (b) Non-commutative ring 
Ae Which of the following is not a ring? (c) Integral domain 

(a) (Z, +, >) (b) (Q, +, +) (d) None of these 

(c) (R, +.) id) (N, +) 8. The set S= {0} with respect to addition and 
2. The minimum numbr of elements in ring is multiplication is 

(a) 1 (b) 2 (c) 3 (d) 4 (a) Ring 
3% Which of the following is not commutative ring with (b) Integral domain 

identity? (c) Commutative ring 

(a) (2, +.) NAA) (d) None of these 

(c) (Q, +,°) (d) (R, +,°) 

O. Let (Z, ©, ©) be a system such that for a, be Z, 

4. (P(X), ®, a) is commutative ring with identity p@b= 44-1 460h=04 bumuhewebez 

ae es The (Z, ®, ©) is 

(c) both ¢and X (d) None of these 


(a) Non commutative ring 
5. The identity of ring S= {a+ b/2:a, be Q} with 


b) Commutative ring without identity 
respect to addition and multiplication is 


( 
(c) Commutative ring with identity 
( 


(a) 1+ V2 (b) 1- J2 
(c) 1 (d) 0 d) None of these 
6. Let (R, +, -) be a ring such that a“ =a-a= a,VaeR, 10. A field is a 
then a + ais equal to (a) Integral domain 
(a) O (b) 2a (b) Division ring 
(c) a2 (d) None of these (c) Commutative division ring 
(d) Commutative integral domain 
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11. 


2: 


13. 


14. 


15. 


16. 


ale 


18. 


19. 


If in a ring (xy)? =x? y’, Vx,yeG. 


a) R is a commutative ring 


(a) 

(b) Ris integral domain 

(c) Risa field 

(d) None of these 

If a ring R has unity e, and és, then 

(a) ey =e (b) e, =meg 

(c) e, #ep (d) None of these 


A commutative division ring is 
(b) Integral domain 
(d) None of these 


(a) Group 

(c) Field 

The ring (Z¢, +, -) has 

(a) Only left zero divisor 
(b) Only right zero divisor 

(c) Left as well as right zero divisor 

(d) None of these 

A ring (R, +,-) is said to be ring with zero divisor if 
4a +0, b # Osuch that 
(a) ab¥0 

(c) ab# Oand ab=0 
The ring (Z;, + , -) has 
(a) Zero divisor 

(b) Without zero divisor 
(c) Both zero and without zero divisor 
(d) None of these 


(b) ab=0 
(d) None of these 


Which of the following ring is not without zero 


divisor? 
(a) (Z, +, ) (b) (Q,+,) 
(c) (R, +, >) (d) (2,6, +,) 


A commutative ring with unity and without zero 


divisor is called 


(a) Divison ring (b) Integral domain 


(c) Field (d) None of these 


Which of the following is not integral domain 


(a) (2, +,+) (b) (Q, +, +) 


(c) (C+,>) (d) (Zg, +, } 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


21: 


28. 


29. 


+,-) is an integral domain if 


(Zim 

(a) + m is natural number 
(b) m is integer 

(c) mis prime 

(d 


) mis composite number 
Which of the following is integral domain? 
(a) (Zq, +,>) (b) (Z¢, +,’) 
(c) (27, +,>) (d) (Zy9, +.) 
Every division ring is 
(a) With zero divisior 
(c) Field 


(b) Without zero divisior 
(d) None of these 


A finite integral domain containing more than one 
element is 

(a) Division ring 
(c) Field 


(b) Not division ring 

(d) None of these 

A commutative ring with unity in which each 
non-zero element has multiplicative inverse is 

(a) Field (b) Not a field 

(c) Sometimes field (d) Never field 

Which of the following is not true? 

(a) Every field is an integral domain 

(b) Every integral domain is a field 

(c) Every finite integral domain is field 

(d) Every integral domain is not necessarily a field 
The ring (Z, +, -) is 

(a) Field 

(b) Finite integral domain 

(c) Integral domain 

(d) Division ring 


Which of the following is not a field? 


(a) (Z, +,°) (b) (Q, +,:) 

(c) (R, +,:) (d) (C, +,.) 

If F is a field containing 11 elements anda ¢ F, then 
09 ig equal to 

(a) 0 (b) 1 (c) & (d) «” 

A skew field have 


(a) Non-zero divisors 

(b) Zero divisors 

(c) a,b:a-b=05>a#0,b#¥0 
(d) None of the above 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Let (R, +, :) be aring. If there exist a positive integer n 
such that na = 0, V ae R then R is said to 


(a) Characteristic 0 (b) Characteristic n 


(c) Order n (d) None of these 
The characteristic of ring (Z, +, -) is 

(a) 0 (b) 1 

(c) 2 (d) 3 

The characteristic of ring (Q, +, -) is 

(a) 1 (b) 2 

(c) 3 (d) Infinite 

The characteristic of ring (Z3, +, :) is 

(a) 1 (b) 2 

(c) 3 (d) 4 


The characteristic of ring ({0, 1, 2, 3, 4}, +4, xq) of 
integer modulo 4 is 

(a) 3 (b) 4 

(c) O (d) Infinite 

The ring (P(X), ®, a) is 

(a) Without zero divisor 

(b) Zero divisor 

(c) Integral domain 

(d) None of these 

Which of the following is not a field? 


(a) (Zo, +, }) (b) (Z3, +,-) 

(c) (Z5, +,°) (d) (Z¢, +,’) 

The characteristic of ring (Z,,, +, :) where pis prime is 
(a) p-1 (b) p 

(c) p+1 (d) p? 


Let R be a ring with unity 1 if additive order of 1 is 3 
then characteristic of R is 

(a) 0 (b) 1 

(c) 2 (d) 3 

Let R be commutative ring of characteristic 2 then 
(a+ b)” is 


(a) a2 + b* + 2ab (b) a* + b* + ab+ ba 


(c) a? + b* (d) None of these 


Let R is a ring in which a” =a, VaeR then 


characteristic of R is 


(a) 0 (b) 1 (c) 2 (d) 3 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


Which of the following is not characteristic of an 


integral domain? 


(a) 0 (b) 2 (c) 3 (d) 6 

The order of finite integral domain is not possible. 
(a) 2 (b) 2? 

(c) ? (a) 4 

There is no field of order 

(a) 3 (b) 5 

(c) 7 (d) 10 

The ring Z,,, has characteristic 

(a) m (b) m-1 

(c) m-2 (d) m-3 

Which of the following is not subring of (C, +, :)? 
(a) (Z,+,°) (b) (Q, +,:) 

(c) (R, +, ) (d) (N, +,°) 

Which of the following is not subring of (Z, +, :)? 
(a) (2Z, +,:) (b) (32, +,-) 

(c) (42, +, +) (d) tt 


Which is following is not true? 

(a) Subring of ring with identity need not be ring 
with identity. 

(b) Subring of ring with identity may have identity 
different from identity of ring. 

(c) Ring may not have identity but subring may 
have identity. 

(d) Subring of ring with identity is ring with identity. 

Let Sbe a subring of ring (R, +, -). Then which of the 

following is not true? 

(a)a be Ssa-beS 

(b) abe S=abeS 

(c) (S, +) is subgroup of (R, +) 

(d) (S, +) is not necessary subgroup of (R, +) 

Which of the following is not true? 

(a) The intersection of two subring is a subring. 

(b) 

(c) 

(d) 

Let 4Z and 5Z are subring of (Z, +, -) then which of 

the following is a subring 

(a) 4Z U5Z (b) 4Z N52 

(c) Both (a) and (b) (d) None of these 


An arbitrary intersection of subring is a subring. 
Union of two subring need not be subring. 


Union of two subring is a subring. 
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51. 


52. 


53. 


54. 


55. 


56. 


of, 


58. 


59. 


60. 


A subring S of ring R is left idea if 
(a) seS VreRseS 

(b) seS VreRseS 

(c) se SsreSVreR,seS 

(d) None of these 

A subring S of a ring is right ideal if 
(a) seS VreRseS 
(b) se S VreRseS 
(c) sr¢€S VreR,seS 
(d) None of these 

A subring S of ring R is ideal if Sis 

(a) Left ideal 

(b) Right ideal 

(c) Left as well as right ideal 

(d) None of these 

Which of the following is not proper ideal of (Z, +, -)? 
(a) 2Z (b) 32 

(c) 4Z (d) {0} 

A ring R which has no proper ideal is called 

(a) Prime ring 

(c) Both (a) and (b) 


(b) Simple ring 
(d) Division ring 
Which of the following is true? 

(a) Z is ideal of R 


(b) Qis ideal of R 

(c) R is not ideal of C 

(d) None of these 

The number of proper ideal of field is 
(a) 1 (b) 2 

(c) 3 (d) No 


Which of the following field has no proper ideal 


(a) (Q, +,)) (b) (R, +,°) 

(c) (C, +,°) (d) All of the above 
The union of two ideal is 

(a) Ideal (b) Not ideal 

(c) Left ideal (d) Right ideal 


A commutative ring with identity is a field if it has 
(a) One idal (b) Two ideal 
(c) Three ideal (d) No ideal 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


Let R be ring with unity such that only right ideal of 
R are {0} and R then R is 
(a) Division ring (b) Field 
(c) Simple ring (d) None of these 
A division ring is a 

(a) Field 

(b) 

(c) Simple ring and field 

(d) 

Let Rbearingandae RthenS= {re R: ra= Of is 


(a) Left ideal (b) Right ideal 


Simple ring 


None of these 


(c) Ideal (d) None of these 
If U is an ideal of ring Randle U then 

(a) U =6 (b) U=1 

(c) U=R (d) None of these 


Let R is commutative ring and ae R. Then the set 
Ra= tra: re R}is 

(a) Only left ideal (b) Only right ideal 

(c) Not ideal (d) Ideal 

Let S, and Sy are ideal of ring R then the set 
S, + Sy = {a+ b:aeS, be So} is 

(a) Only left ideal 

(b) Only right ideal 

(c) Both left and right ideal 

(d) None of these 

Let R be ring and ae R then aR = {ar: re R} is 

(a) Left ideal (b) Right ideal 

(c) Ideal (d) None of these 


The set M = i PY aise t } in the ring R of 
Lo | 


2 x 2 matrices with elements as integers is 
(a) Left ideal (b) Right ideal 
(c) Not right ideal (d) Ideal 


The set M = fe Oleg ie t Sin the ring R of 
lo | 


2 x 2 matrices with elements as integers is 
(a) Left ideal 

(b) Right ideal 

(c) Neither left nor right ideal 

(d) Ideal 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


The set M = pfaeee fin the ring R of 


2 x 2 matrices with elements as integers is 
(a) Left ideal 


(b) Right ideal 

(c) Neither left nor right ideal 

(d) Ideal 

Let R be a ring and aeR then set 
S={reR:ar =Ohis 

(a) Left ideal (b) Right ideal 

(c) Neither left nor right ideal 

(d) Ideal 

Let S be an ideal of ring (R,+,:) then 
: = {s + a: ae R} is ring with respect to 


Addition and subtraction 
Addition and multiplication 
c) Addition and division 

d) None of these 


If R is commutative then z is 


a) Commutative 
b) Non-commutative 


( 
( 
(c) some time commutative 

(d) Never commutative 

If R has unit element 1 then unit element of a is 


(b) S+1 
(d) S+2 


The additive identity of quotient ring < is 


(a) S (b) S+1 


(c) S+2 (d) {0} 


A mapping f of a ring R onto ring R’ is called 
homomorphism if for each ae R, be R. 


(a) f(a + b) = f(a) + f(b) 

(b) f(a + b) = f(a) — f(b) 

(c) flab) = f(a) — f(b) 

(d) f(a + b) = f(a) + f(b) and f(ab) = f(a) f(b) 


78. 


79. 


80. 


81. 


82. 


83. 


EL 


Which of the following is not homomorphism? 

(a) f: R— R’ defined as f(x) =0,.VxeER 

(b) f :C— Cdefined as f(z) =z,VzeEC 

(c) f:Z2— Z,, defined as f(a) =a,aeZ 

(d) f :Z2—mdZ defined as f(x) =mx,x €Z 

If f :R — R’ be ring homomorphism then which of 
the following is not true? 


(a) f(0) =0' (b) f(-a) = — f(a) 
(c) f(a — b) = f(a) — f(b) 
(d) f(na) = f(a) 


Composition of two ring homomorphism is 
(a) Ring homomorphism 

(b) 
(c) 
(d) 


The Kernal of ring homomorphism from ring R to R’ 


Never ring homomorphism 
Isomorphism 


Monomorphism 


is 

(a) Subring of R 

(b) Subring of R’ 

(c) Subring of R and R’ 

(d) Not subring of R 

If f : R > R’ is ring homomorphism, then ker f is 
(a) Ideal of R’ (b) Ideal of R 

(c) Idealof Rand R’ (d) Not ideal of R 

A homomorphism f : R > R’ is isomorphism if f is 
(a) One-one 

(b) Onto 

(c) Onto but not one-one 

d) 


( 


An isomorphism of a ring R into itself is called 


One-one onto 
(a) Monomorphism (b) Equimorphism 
(c) Automorphism (d) None of these 


Which of the following is not true? 


(a) Composition of two isomorphism is an 
isomorphism. 
(ob) If f:R—R’ is an isomorphism then 


fi : R’=> Ris also an isomorphism. 

(c) If f: R— R’ is an isomorphism and R is a field 
then R’ is also field. 

(d) Composition of two homomorphism is an 
isomorphism. 
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85. Let f : R > R’be isomorphism then 93. Let p be a prime number. Set of integers 
(a) ker f = {1} (b) ker f = {O} T, =10,1.2-p-U under addition and 
(c) ker f # {0} (d) ker f=R multiplication modulo p forms: 
86. Let f:Z2—Zy5 defined as f(a)=a; ae Z is ring (a) Ring without zero divisors 
homormorphism, then f(13) is (b) Field 
(a) 0 (b) 1 (c) Integral domain 
(c) 2 (d) 3 (d) All above are correct 
87. The only non-ero homomorphism from Z to Z is 94. Let R=({0,1, 2,3, 4 5}, +6, x6). Then F is 
(a) Zero map (b) Identity map (a) A ring with zero divisors 
(c) Non-identity map  (d) None of these (b) A field 
88. |The number of non-zero homomorphism from Z to ie) division ting 
Zis (d) A ring without zero divisor 
(a) 0 (b) 1 95.  LetR = {0,1, 2, 3} under addition and multiplication 
(c) 2 (d) 3 modulo 4 is a 
89. Let f : Z > Zbe non-zero homomorphism then f(5) (a) Field 
is 
(a) 0 (b) 1 (b) A ring with zero divisors 
a 
(c) 2 (d) 5 (c) A ring without zero divisors 


90. The set of 2x2 matrices over the field of real ee . 
(d) A division ring 


number under usual addition and multiplication of 


setts Which one of the following statement is correct? 
matrices is 


(a) Nota ring (a) Ina ring ab = 0 > either a= Oor b=0 
b) Ari ith uni 

PL EES EY (b) Every finite ring is an integral domain 

(c) A commutative ring 

(d) An integral domain (c) Every finite integral domain is a field 

(d) The set of natural numbers is a ring with respect 


91. LetMbe ring 2 x 2 matrices over the set of integers 
to the usual addition and multiplication 


a O 

i= & | ae 97. Consider Assertion (A) and Reason (R) given below: 

a b Assertion (A): The rational number Q do not 
and K = ( }:abez then 

0 0 constitute a complete ordered field. 
(a) Land K both left ideal of M Reason (R): The set of all rational numbers whose 
(b) Land K both right ideal of M squares are less than 2 has I.u.b in Q. 
(c) Lis left ideal of M and K is right ideal of M The correct answer is 
(d) Lis right ideal of M and K is left ideal of M (a) Both A and R are true and R is the correct 


explanation of A. 
(b) Both A and R are true but R is not a correct 
explanation of A 


92. Set of residue classes modulo p where p is prime 
under addition and multiplication of residue classes 
is 
(a) Field (b) Skew field (c) A is true but R is false 
(c) Integral domain (d) None of these (d) A is false but R is true 


98. 


99. 


100. 


101. 


102. 


103. 


If R is a system such that it is a group under addition 


and multiplication obeys the closure and 
distributive laws, then 

(a) R need not be a ring 

(b) R has to be a ring 

(c) Ris not a ring 

(d) R is necessarily a field 

The set of residue classes mod m (mé€ N) is a ring 
with respect to addition and multiplication for 

(a) m composite 

(b) m prime 

(c) m even 

(d) many positive integer 


The set of residue classes mod m (mé N) is a ring 


without zero divisors under addition and 
multiplication for 
(a) m prime (b) m odd 


(c) many integer (d) m composite 

The ring Z of integers (mod p) is an integral domain iff 
(a) p is positive integer 

(b) pis purely even number 

(c) pis odd 

(d) pis prime 

Let (R, +, -) be a ring and a, be R, then which of the 
following is false? 


(a) a-0#0-a 
(b) a-(—b) = (-a)b 
(c) (-a) (-b) =a-b 


(d) a-(b-—c)=a-b-a-c 

An example of ring with infinite number of elements 
is 

(a) (Z*,+,-);Z* the set of positive integers 

(b) (R®* +,:); R* the set of positive real number 


(c) (Q*, +,-); Q* the set of positive rationals 


(d) (Z,+,-); Z the set of all integers 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


Which one is not a ring? 
(a) Set of all 2 x 2 matrices whose elements are in Q 
(b) Set of all 2 x 2matrices whose elements are in C 
(c) Set of all 2 x 2matrices whose elements are in Z 
(d) All 2 x 2matrices whose elements are in R* and 
determinant of matrices is zero (R* is set of 
positive real numbers) 
The ring M of 2 x 2 matrices with elements in R is 
(a) Commutative ring with zero divisors, without 
unity 
(b) Non-commutative ring with zero divisors with 
unity 
(c) Commutative ring with unity 
(d) Field 
If F is field of characteristic 3 then Va,beF ; 
(a+ py)? is equal to 


(b) a? + b? 
(d) 0 


(a) a+b 

(c) a+ b+ ab 

The set {14r: re this 
(a) Maximal ideal of Z 
(b) 

(c) Prime ideal of Z 
(d) 


A division ring has atleast 


dust a principal ideal of Z 


None of these 


(a) Two elements 
(b) Three elements 
(c) One element 
(d) None of these 
A field has atleast 
(a) One element 
(b 
(c 
( 


) Two elements 
) Three elements 


d) Infinite elements 

In a ring R if a” =a,V ae R, then Ris 
a) Division ring 

b) Bollean ring 
) 


c) Skew ring 


( 
( 
( 
( 


d) Euclidean ring 
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HINTS AND SOLUTIONS 


6. (a) Given that 77. (d) Let f:Z > mZ as 

a“ =a-a=a f(x)=mx, xeZ 

Then 

f(x + y) =m(x + y) =mx + my = f(x) + f(y) 


(a+ a)? =a+a 


= (a+ a)(a+a)=a+a 
=> a +ae+ae+a¢=at+a i 

f(xy) = m/(xy) 
=> at+a+ta+a=ata and f(x) f(y) =mx my 
a, a+a=0 f (xv) # f(x) fly) 


.. Opti is true. 
puoniel te mus => f is not homomorphism. 


86. (b) f(13) =13 
..10 # p” where p = prime =1 [.-13=(mod 12] 


43.  (d) Since field of order = p” ; p = prime 
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CHAPTER 


») 


THE EXPONENTIAL FUNCTION 


If z = x + iy be complex number, then we define 
2 3 
e=lt+zt +2 4...4 0 terms. 
2! 3! 


This is also denoted as exp (z) or E (z). 
( i. J 1 ) 
e= lim |1+—+—+H+..4+— 


nool 1! 2! n! 
Observations 
1. — If z, and zg are complex number then 


e711 22 — e771 . e72 


2. et beet t2n = 941 922 etn 
3. If n is positive integer then 
(e7)" = el” 


CIRCULAR OR TRIGONOMETRICAL FUNCTIONS 


If z is complex variable, then we define circular or 


trigonometric function as 


; 2° z° 

sin z = z — —+—...0 
3! 5! 
22 ze 

cosz = 1—-—+—+#+...0 
2! 4! 


Therefore, we defined another circular or 


trigonometrical functions as follows: 


COSZ 
tan z = ; t z= — 
COS Z sin Z 
1 1 
secz=———, cosecz = — 
sin Z 


EULER’S THEOREM (FORMULA) 


If 6 is real or complex then 


t) 


e’’ = cos@+isin®@ 


This is known as Euler’s formula. 


Unit-IV 


Exponential, Circular and 
Hyperbolic Functions 


Important Facts 


e”” = cos0 —isin 0 
28 + e 8 ; 28 _ e 8 
cos 8 = ,sin@= - 
2 2i 
nm... , 
et? — cos t+ isin — =i 
2 2 
4 ~T .. 1 ; 
ett !2 — cos isin —=-i 
2 2 
e”™ =cosn+isinn=—-1 
e2"™ — cos Inn + isin 2nx=1 


PERIODICITY OF FUNCTIONS 


A function f(z) is said to be periodic function if 
f(z +T)= f(z) where T is smallest positive number. 


Examples 


e” is periodic function with period 2ni because 
e2t 2ni e?. 

sinz and cosz are periodic function with 
period 2n. 


3. tanz and cotz are periodic function with 
period zm. 
HYPERBOLIC FUNCTIONS 


If z is any real or complex number then hyperbolic 
function of z is defined as 


e+e” 
cosh z = 
2 
ra —Z 
. e-e 
sinh z = 
2 
sinhz e?-e% e%%-1 
tanh z = = = 
coshz e%+e% e744] 
coshz e%?+e7% e741 
coth z = — = = 
sinhz e?~e7% ef? _] 
1 2 2e” 
cosech z = = 


sinh z e” = e” en? =] 
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it 2 Qe? FORMULA FOR HYPERBOLIC FUNCTIONS 


and sechz= = = 


cosechz e%4e% e724] 1. — sinh O=0, cosh O=1, tanh O= 0 

Important Facts 2: cosh” z — sinh? z =1 

sin (iz) =i sinh z 3. sinh 2z = 2 sinh z cosh z 

cos (iz) = cosh z 4. cosh” z + sinh? z = cosh 2z 

a 5. cosh 22 = 2cosh?z -1=1+2sinh2z 

2° 2 
sinh z =z + eT 51 oo 6.  sech?z =1- tanh” z 
2 4 ri cosech2z — coth® z =1 
Zz 

ee aa -, 8. cosh (21 + 29) = cosh z1 cosh z9 
sinh z and cosh z are periodic function with period + sinh z, sinh z2 
2ni. 9. — sinh (21 + zg) = sinh z,- coshz9 
tanh z is periodic function with period mi. + cosh 2 sinh zg 


The hyperbolic functions have imaginary periods tanh z; + tanh zo 
. f : . 10. tanh (21 +29)= 
while circular period have real periods. 1+ tanh z, tanh z9 


Solved Examples 


Example 1: 1+ tanh x ;¢ equal to Example 2: If cosha = sec 6 then 
1- tanh x a 20 
(a) tanh — = tan* — 
(a) sinh 2x — cosh 2x 2 2 
(b) sinh 2x + cosh 2x (b) tanh? 5 = tan” 3 
) sinh 2x (c) tanh a = tan9 
(d) cosh 2x 


(d) tanh? o = tan? 0 


Serer F 1+ tanh x 
Solution : (b) Consider aac GEINGEnE (b) We have 


cosh a = sec@ 


1x sinh x 
cosh x _ cosh x + sinh x cosha _ 1 
1- sinh x cosh x — sinh x 1 cos 8 
cosh x Applying componendo and dividendo law, we get 
_ cosh x + sinh x | cosh x + sinh x cosha-—1_ 1-cos@ 
cosh x — sinh x cosh x + sinh x coshha+1 1+ cos@ 
= cosh? x + sinh? x + 2 sinh x cosh x Qsinh2% 2 sin2 9 
cosh? x — sinh? x or aa 7 a6 
2cosh* = 2 ai 
_ cosh 2x + sinh 2x 2 = 2 
1 
or tanh? & = tan? . 
= cosh 2x + sinh 2x. 2 2 


Option (b) is true. a Option (b) is true. 
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INVERSE CIRCULAR FUNCTIONS 


If sin (x + iy) =u + iv, then x + iy is said to be inverse 
sine of u + iv and is written as 
xt+iy= sin7! (u + iv) 
Since, sin (x + iy) = sin [nz + (-1)" (x + iy)] 
Therefore, general value of sin! (u + iv) is 
nt + (—1)" (x + iy) 
and it is denoted by sin7! (u + iv) 
Thus sin” (u + iv) =n + (-1)" (x +iy) 
=nn + (-1)" sin“! (u + iv) 
The principal value of sin! (u + iv) is that value of 


nt + (—1)" (x + iy) whose real part lies between - 


and =. 
2 


Similarly, the general value of cos! (u + iv) is 

cos ! (u + iv) = 2nn + (x + iy) = 2nn + cos! (u + iv) 
and its principal value of 

= ( 


cos (u+iv) = 2nn + (x + iy) 


whose real part lies between O and x and general 
value of tan7! (u + iv). 


tan! (u+iv)=nn + tan (u + iv) 


Principal value of tan! (u + iv) =nn + (x + iy) whose 


real part lies between a and > 


In the same way 
sec} (u + iv) = 2nn + sec! (u + iv) 
cosec | (u + iv) =n + (-1)" cosec ! (u + iv) 


cot! (u+iv)=nn + cot! (u + iv) 
Note: 


1. The principal value for case sin, cosec, tan and 
cot is that value for which the real part lies 


between > and 7 and for the case cos and sec 


sec it is that value for which real part lies 
between 0 and a. 


2. The inverse sine and inverse cosine etc. the first 
capital always denote general value and with 
small letter denotes principal value. 


INVERSE HYPERBOLIC FUNCTIONS 
If 


Then y= sinh! x, it is said to be inverse hyperbolic 


sinh y=x 


sine of x. 

The other inverse hyperbolic function are cosh} x; 
tanh! ae coth7! x cosech~! x and sech~! x where x 
is real. 


Observations 


sinh! x = log [x + x24 1] 


cosh! x = log [x + x? - 1] 


tanh~! x = 5 log Lee 


-x 
sinh! x = —i sin! (ix) 
cosh! x = —i cos™! x 
tanh! x =-i tan (ix) 


Inverse Hyperbolic of Complex Quantities 
If 


Then x +iy= sinh! (u + iv) 


sinh (x + iy) =u+iv 


Since, 

sinh (x + iy) = sinh {ni + (—1)" (x + iy)} 

u +iv = sinh {nmi + (—1)” (x + iy)} 

Hence general value of the inverse hyperbolic sine of 
u + iv is {nm + (-1)" (x + iy)} it is denoted by 
{sinh 72 (u + iv) }. 

sinh! (u + iv) = nn + (-1)" (x + iy) 

=nmi + (-1)" sinh (u + iv) 

The principal value of sinh~! (u + iv) is that value of 


nti + (—1)" (x + iy) whose imaginary part lies between 


—T 


and = Similarly, we define other inverse 


hyperbolic function. 
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Example 3: 
(a) sinh! (cot 8) = log (cot 6 + cosec 8) 


(b) sinh ! (cot 8) = log (cot 6 — cosec 8) 
(c) sinh! (cot 8) = log (cot 8 - cosec 0) 
(d) None of these 

Solution: Let — sinh”! (cot0)=y 

> sinh y = cot 0 


cosh y= sf + sinh? y= Jl + cot” 6 
cosh y = cosec 0 
Adding (1) and (2) 


sinh y + cosh y = cot 8+ cosec@ 


Yooy y -y 
or © ss alii aie cot 8 + cosec@ 
2 2 
or e” = cot 0+ cosec0 
> y = log (cot 8 + cosec 0) 


sin h-! (cot 6) = log (cot 8 + cosec 8) 


Example 4: 


is 

(a) cos! ./sin6 (b) cos! (sin 6) 
(c) cos”! ./tan 0 (d) cos"! ,{cot 8 
Solution : Let sin! (cos @ + i sin) =x + iy 


Which of the following is true? 


The real part of sin ! (cos 0 + i sin 8) 


=> cos 8 + i sin 8 = sin (x + iy) 
= sinx cos(iy) + cosx sin(iy) 
cos 8 + isin 8 = sin x cosh y + i cos x sinh y 
Equating real and imaginary part, we get 
cos 8 = sin x cosh y 
sin 8 = cos x sinh y 


Squaring and adding we get 


2 2 


x sinh” y 
2 


1 = sin? x cosh” y+ cos 


= sin* x (1+ sinh? y) + cos* x sinh? y 
= sin* x + sin? hy(sin” x + cos” x) 
= sin* x + sinh? y 

sinh? y=l- sin” x = cos” x 
Putting in (2), we get 
2 x. cos? x = (cos 2x)? 


cos” x=sind 


sin? 8 = cos 


=> 
> cos xX =./sin 8 
=> x =cos! {sin x 
> Real part of sin7! (cos 8 + i sin 6) 


-1 


= cos sin x 


Option (a) is true. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


Direction : 


alternative answers. One of them is correct. Choose the 


correct answer. 


2nni « 


ale The value of e“"" is 
(a) 0 (b) -1 (c) 1 
2. e™ is equal to 
(a) 1 (b) -1 (c) 0 
3. The exponential function e” is 
° on co on 
(a) aon (b) Ps 
on con 
© ys @) y= 


Each of the following questions has four 


4. Which of the following is not true? 
(b) e71 + Zp = e71 ‘ e 72 


(d) None of these 


21 +22 = 6%1 . e%2 


(a) e 
(c) e7172 = e71 . e%2 
By The Euler’s formula is 
(a) e!® = cos@-i sin® 
(b) el® = sin@ +i cos@ 
id 


(c) e'’ =cosO@+isin® 


(d) e!® = sinO +i cosé 


6. The value of et"/!is 
(a) +1 (b) +i 
(c) i (d) =i 
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7 The modulus of e”® is 18. The imaginary part of e®” is 
(a) 1 (b) -1 (a) eos? 

(c) 0 (d) Not exist (b) esr 8 

8. The value of exp \e +i =| is (c) e°°S® sin (sin 6) 
ae (b) (d) eS sin (cos 6) 

i -i 
(c) (-1)" (d) (-1)"i 19. sin(a + n6) — e'® sin n@is equal to 
in® |; -in® .- 

9. The real part of e is (a) e' sin @ (b) e sino 
(a) & cos (xy) (b) e -¥ cos (2xy) (c) e'"® sin (d) e'"® cos 
fe) PP eas (2xy)_ (d) eX —)" sin (2xy) 20. The value of Aand B if Ae”'® + Be~?'® is equal to 

—~7i sin 2 
10. The imaginary part of e” is Saat a anee 
% 23 (a) A=-1B=5 (b) A=-1B=6 
(a) e* cosy (b) e* sin y 
(c) A=6B=-1 (d) A=-6B=1 
(c) e* cosy (d) e* siny 


; 21. The amplitude of e” is 
11. The value of e™ is 


(a) xy (b) 2xy 
(a) 1 (b) -1 (c) 0 (d) 2 (c) 3x2 (d) 3xy 
z+ 2ni « 
tas “The va One = ‘ 22.  sin@+i cos Ois equal to 
b) e 
(a) -_ (b) in 6 i(Z-9) 
(c) e«™ (d) None of these (a) e 2 (b) e 2 
13. The period of sin z is IG + 0] 
n (c) e 2 (d) None of these 
(a) « (b) = (c) 2m (d) 3x 
2 23. coshz-+ sin hz is equal to 
14. Let T, and Ty are period of sin z and cos z, then (a) 2e’ (b) 3e* 
(a) T, > Tp (b) Ty < Tp (c) e? (d) e? 
(c) T, = Tp (d) T, =+ Ty 24. cos hz -—sin hz is equal to 
15. The series of tan z and cot z are (a) e” (b) e7 
(a) 2, 2n (b) 1, % (c) 2e? (d) 2e~7 
(c) 2m, x (d) 2n, 21 25. Which of the following is true? 
16. The value of ef@+ #4) * _ ela- ib) x jg (a) sin (iz) = sinh z 
(a) 2e™ sin bx (b) 2ie™ sin bx (b) sin (iz) =i sinh z 
i eee 
(c) ie™ sin bx (d) None of these eae) Sears 
(d) sin (iz) =—i sinh z 


i); 
17. The real part of exp (e'”) is 26. The cos (iz) is equal to 


(a) e°°S 8 (sin 6) (a) cosh z (b) i cosh z 
(c) -i cosh z (d) None of these 
C) 
(b) e®°” (cos @) 27. | Which of the following is not true? 


(c) e©°8 cos (sin 0) (a) sinh O=0 (b) cosh 0O= 0 


(d) 25° sin (sin 6) (c) tanh 0=0 (d) tanh O=1 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


cosh? z — sinh? z is 


(a) 0 (b) 1 

(c) 2 (d) cosh 2z 
cosh” z + sinh? z is equal to 

(a) cosh 2z (b) sinh 2z 
(c) — cosh 2z (d) 1 

The period of sinhz is 

(a) 2n (b) 1 

(c) wi (d) 2ni 
The period of cosh z is 

(a) w (b) 2x 

(c) wi (d) 2ni 
The period of tanh z is 

(a) w (b) wi 

(c) 2ni (d) -2ni 


The period of hyperbolic functions is 
(a) Natural number (b) Integer 


(c) Real number (d) Imaginary 


Ifu = log tan & + 5] then 
4 2 


fap) 


(a) tanh 4 = tan = 
2 


(b) tanh ; = cot 


NID wlieg w 


(c) tanh ; = sin 


(d) None of these 


If cos ha = sec @ then 


6 
a) a =logtan| ™—2% 
(a) «= log (z >| 


r) 
b) a = log tan +43) 
(b) ct = log (3 ° 


rere (3-3) 
4 2 


The real part of sin (a + i B) is 
(b) sino sinh B 
(d) — sinh sinh B 


(a) sino cosh B 


(c) —sin « cosh B 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


The imaginary part of sin (a + i f) is 
(a) sin aw cosh B (b) cos @ cosh B 
(c) cos % sinh B (d) None of these 
The real part of cos (a + i B) is 

(b) cos & sinh B 


(d) -sin o sinh B 


(a) cos a cosh B 
(c) sino sinh B 
The imaginary part of cos (a + i f) is 

(b) cos @ sinh B 
(d) -sina sin hB 


(a) cos a cosh B 
(c) sino sinh B 
The real part of cos h(a + i B) is 

(b) sinh o sin B 
(d) - sinh m sin B 


(a) — cosh a cos B 
(c) cosh a cos B 
The imaginary part of cos h ( + i f) is 

(b) sinha sin B 
(d) -sinh o@ sin B 


(a) — cosh a cos B 


(c) cosh a cos B 
3 5 7 


Zz Zz Zz . 
Z+ 2+ 4+ =_+.., 0 is equal to 
3) 5) 7 
(a) sinh z (b) cosh z 
(c) tanh z (d) coth z 
2 4 6 
The series1 + 2- +72 +72 +... wig 
2! 4! 6! 
(a) sinh z (b) cosh z 
(c) tanh z (d) tan™thz 


If x = log (sec + tan 8), then sec 0 is 
(b) cosh x 
(d) coth z 


(a) sinh x 

(c) tanh x 

sin (x + iy) is equal to 
(a) sinh x cosh y + cosh x sinh y 
(b) cosh x sinh y + i sinh x cosh y 
(c) sinh x cosh y + i cosh x sinh x 
(d) None of these 


gO Ae F 
x + — + — +... is equal to 


5! 9! 
(a) sinh x + sin x 
(b) sinh x — sin x 


(c) 5 sinh x + cosh) 


(d) F (sinh x + sin x) 
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4 8 . . . Ff . 
ie. 1a © ae, cles eatial te 56. The imaginary part of exp (sin 16) is equal to 
4! 8! (a) cos (sinh 6) (b) sin (sinh 6) 
(a) ; (cosh x + cos x) (b) ; (cosh x — cos x) (c) sin (sin 6) (d) sin(cosh6) 
57. The real part of e™ (9) ig 


(c) cosh x + cos x (d) cosh x — cos x 


(a) cos (sinh 6) (b) sin (sinh 6) 
48. sinh (—z) is equal to (c) sin (sinh 6) (d) sin (cosh 0) 
(a) cosh z (bp sine 58. If sin (x + iy) = A+ iB then Ais equal to 
(c) — sinh z (dt shine (a) sin x sinh y (b) cos x sinh y 
49. The real part of sin? (x + iy) is equal to (c) sin x cosh y (d) cos x sinh y 
(a) 1 — cos 2x cosh 2y 59. If sin (x + iy) = A+ iB then 
(b) 5t ~ cos 2x cosh 24) (a) A? +B? =1 
(c) 5 (1+ cos 2x cosh 2y) (b) = ‘ ¥ — i =i 
(d) None of these i) AZ Be ; 
50. The imaginary part of sin? (x + iy) is equal to cosh” y sinh® y 
(a) ee 2x sinh 2y (b) 2 sinh 2x sinh 2y (d) a + Be =0 
2 2 cosh? y sinh2 y 


1 
(c) — cosh 2x cosh 2y (d) cosh 2x cosh 2 in2x 
2 7 : 60. If tan (x + iy) = A+ iBthen a is equal to 


sin (x + iy) ; sinh y 
51. The real part of e is 
i h (a) cot Acos 2x (b) fon A 
(a) et" * ©S"¥ cos (cos x sinh y) tanh B 
sin x cosh y |; . 
(b) e sin (cos x sinh y) (tan Ain De (d) cot A 
(c) e™* cos (cos x sinh y) coth B 
(d) None of these 61. ‘If cos (x + iy) = A+ iBthen 
A B 
52. Ifz=x+iythen amp (2?) is (a) an 0 
cos“ x sin* x 
(a) 2xy (b) xy A B2 
Ne) (d) y » cos” x 7 sin? x ‘a 
53. 14+ sinh? zis equal to 42 Be 
(c) + =0 
(a) cos z (b) cosh 2z gost ane xe 
(c) tanh 2z (d) None of these A Be 
ee? (d) Len ae 1 
Ce cos“ x sin® x 
etre’ 
62. If sin (0+ id) = +isinath 
adie tects sin ( ; id) =cosa+i sina ie 
=+ =+ 
ic) enw (a) cath z (a) cos* 0=+ tana (b) cos* a =+ cota 
0) : (c) cos? @=+ sina (d) None of these 


55. The real part of exp (e!) — exp (e7) is 


63. If cos (0+ id) = cosa +i sina then 
(a) 0 (b) 2.cos® 
cos 20 + cosh 26 is equal to 


(c) cos @ (d) cos (cos 8) (a) 0 (b) 1 (c) 2 (d) 3 
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64. If sin (8 + id) = tana + i seca then 7A: inh) ——* — 46 
cos 20 cosh 2 =... lax? 
(a) 1 (b) 2 (a) tan“! x (b) cot x 
(c) 3 (d) 4 (c) tanh7! x (d) coth7! x 
65. The exponential value cos 0 is 75. tant f x | is equal to 
: ; io, ,-i0 x+a 
(a) e® + e® Ca 
2 (a) i tan noe (b) - log ® 
Pu = e 8 x x 
(c) ————_ (d) None of these i 4 j a 
2 (c) : log 7 (d) - 2 log i 
66.  Ife%*¥ = a+ ibwhere aand bare real then b is 1 
76. The value of sin ~ 2is equal to 
(a) e* cosy (b) e? . - 
sod b) — + log (2 3 
(c) e* siny (d) None of these (a) 2 (b) 9 + log (2 + V3) 
67. If cos (x + iy) =a + ibthen@=...... (c) oi i log (2+ V3) (d) ot i log (2 — V3) 
(a) cos x cosh y (b) sin x cosh y ; 
(c) sin x sinh y (d) sinh x sin y 77. sin” (u + iv)is 
, (a) Single valued function 
68. log[x + x? + lis 
; (b) Double valued function 
(a) sinh x (b) sinh” x (c) Many valued function 
(c) cosh"! x (d) tanh! x (d) None of these 
69. 5 log ; +x is equal to 78. The general value of sin7! (u + iv) is 
= : (a) nw + (-1)" sin“! (u + iv) 
(a) sinh ~ x (b) cosh ~ x 
: F (b) 2% + (-1)" sin7} (u + iv) 
(c) coth™ x (d) tanh~~ x 2 


(c) (2n+ 1) m+ (-1)" sing! (u + iv) 


(d) None of these 


70. tan! (ix) is equal to 


(a) tanh! x (b) i tanh! x 
1 2. 
(c) eet he (a) Nene abthess 79. cosh 1+ x* is equal to 
71. cosh! x is (a) cosh! x (b) sinh! x 
Biiesrts (b) cos"! x (c) tanh x (d) coth™! x 
as x 
(c) -i cos! x (d) None of these 80. sinh A equal to 
-—x 
72. sinh! x +isin (ix) is equal to 
(a) sinh x (b) cosh! x 
(a) 0 (b) 1 
(c) 2 eines (c) tanh x (d) coth™! x 
73. log (cot @ + cosec @) is equal to 81. The real part of cos”! (cos @ + i sin 8) is 
(a) sinh! (cot 8) (b) cosh! (cot 8) (a) sin7! ,/sin 8 (b) cos! ./cos 6 


(c) tanh7! (cot 6) (d) coth7! (cot 6) (c) tan /tan 6 (d) sin7! [cos 0 
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82. The general value of sin (i) is (c) cot 20. 
2 

(a) nm + (-1)" log (1 + V2) mules 

(b) nm +i (-1)" log (1 + v2) td) Scor? | 


(c) +i (-1)" log (1 + V2) 
2 90. If tan! (a + iB) =x + iythen y is 
(d) None of these 


83. If sin @ + id) sin (« + iB) = then cosh? 6 tanh? B is 1+? +p? 
equal to (b) 1 ‘Anko? 2p 
(a) cos” @ (b) sin? 0 2 1407 + B? 
(c) tan @ (d) cot? @ (c) u tanh! 2B 
2 {= a2 = B? 


84. If cos (0 + id) = cosa +i sina then 
(d) None of these 


(a) sina=+ cos” 8 (b) sina =+ sin? @ 
: ig 91. If x=2cosacoshB and y=2sinasinhf then 
(c) sina = tan* 0 (d) None of these sec (a + iB) + sec (x — if) is 
85. If tanh! x =1 then \ (b) —* 
= = x? + y? x? + y2 
ev’ -eY e’-eY 1 
(a) £ =f =x yy SE =F . ax 
e+e? e+e x (c) 55 le 
xy x“-y 
ev ed 
Ce gre | “ee ceaiormnee: 92. Iftan (a + i) =i then aris 
3-2 (a) 1 (b) O 
86. If tan7! & | =x + iythen tan! (x — iy) (c) 0 (d) Indeterminate 
5 412 93. — If tan (o + iB) =i then B is 
(a) 54+ 12i (b) is 1s (a) 0 (b) 1 (c) 2 (d) 
5,12; igo? ese) 94. ‘If tan (0 + id) = tana + i seca then 
ie) 8 ote (a) e =+ cot% —(b) e* = + tan 
87. sinh! (tan 8) is equal to - 2 
20 _ - O 
c) e* =+ sin — d) None of these 
(a) tan (3 + 4 (b) log tan (3 + 4 ie 2 @ 
4 2 4 2 


95. Iftan(A+ iB) =x + iythen x? + y? + 2x cot 2Ais 


(c) log cot (3 + >| (d) None of these 
4 2 (a) O (b) 1 (c) 2 (d) 3 
88. tanh! x + tanh! yis 96. If cosh a = sec @ then a is equal to 
(a) x+y (b) fanko! SY (a) tan (3 + 4 (b) log tan (= + 4 
1l-xy 1+ xy = 4 2 
nr 0 
(c) ‘enk! ~ ial Noneet hess (c) log tan (3 - 4 (d) None of these 


97. Th iod of coth zi 
89. The real part of tan! (a + iB) is Sera ee 


Ti.) ci 20 (a) m io) = 
(a) ria Toa? ae? 9 
(b) tan7! 7: (c) ti (d) 3! 


l-a 


B2 
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98. The circular functions have 

(a) Zero period (b) Imaginary 

(c) Real periods (d) None of these 
99. The hyperbolic functions have 


(a) Real period (b) Imaginary periods 


100. 


(c) Zero periods (d) None of these 


id —id 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


‘| @ | 2&1 @! &1@)] 4 @] & 
iil,| () | 72.) @) | 1) @ | 14) @ | as 
2il,| (3) | | @) | 2) (| 2a] @) | ae 
31. (d) 32. (b) 33. (d) 34. (a) 35. 
41. (b) 42. (a) 43. (b) 44. (b) 45. 
51. (a) 52. (a) 53. (b) 54. (c) 55. 


61. (b) 62. (c) 63. (c) 64. (c) 65. 
7Al,| (©) | 725) (@) | 72b| (@) | 724] (@) | 7 
81. (a) 82. (b) 83. (a) (b) 85. 
91. (b) 92. (d) 93. (d) 94 (a) 95. 


(c) 
(b) 
(b) 
(b) 
(c) 
(a) 
(b) 
(d) 
(a) 
(b) 


e” +e is equal to 

(a) cos 0 (b) 2cos@ 

(c) sin ® (d) 2sin 20 

(b) y Fae (-)) 8. (d) 9. (b) 10. (b) 


ib) |) 72|| (ey |) dies!) fe) |) t9s)(e)) || 20.1! (6) 


(a) | 27} (el) | 7] (9) | 22h] fe) | ab) (©) 
(al) | 225} (@) | cELY (lo) | SEL] (ch) | 4oh! ©) 
(ec) || 47.)) (a) || 48:)) (ec) || 49:1) (b) |) SO!) (a) 
(()) | S74) fe) | ets) (@) | Ses] (la) | GL] (ly) 
(c) 67. (a) 68. (b) 69. (d) 70. (b) 
(@) | wal (©) | Ab) (@) | Zeb) (lo) | Ea) (©) 


(@) | x4 
(()) | E745) (@) | Ses] te) | Seb 


(b) 88. (c) 89. (a) 90. (a) 
(b) 100. (b) 


HINTS AND SOLUTIONS 


di, (c) e2"™ = cos2nn +i sin 2nt 
=1+i0=1 


. option (c) is true. 


. option (b) is true. 


() 


7. (a) Since e!® = cos 6 + i sin ® 


Be | e® |= cos” 9+ sin?6=1 
Option (a) is true 
8. (d) exp {er +i st = cos (2n + 1) a 


+i sin (2n+ 1) 


EG 
2 


12. 


16. 


17. 


=0+i (-1)" 
=(-1)"i 
*, option (d) is true 
(a) e2 * 2M! = 7 . 2%! = 6? (cos 2n + i sin 2m) 


=e” -(1+ix 0) =e? 


*, Option (a) is true 
(b) eat ib) x _ ala= ib) x 


= e% eibx — em e7 ibx 
=e (elbx _ e7 ix) 
ibx —ibx 
=e™ . 2 (Ss) =e™ . 2i sin bx 
1 


= 2i e™ sin bx 


(c) exp (e®) = ee = cos 6+ isin 6) 


E 


19. 


20. 


34. 


35. 


xponential, Circular and Hyperbolic Functions 


= e008 8 


eisin 8 
= e°8 9 [egg (sin 6) + i sin (sin @)] 
= eS 8 cag (sin 6) 
option (c) is true 
(c) sin (a + n6) — e™ sin nd 
= sin (a + n@) — (cos @ + i sin ©) sin nO 


= sin « cos nb + cosa sin nO — cos @ sin nO 


—isina sin n@ 


= sin a - (cos nO —i sin n@) 
=sina-e 1 =e cing 
(b) Let Ae”? + Be = 5 cos 20 - 7i sin 20 
or A(cos 26+ i sin 20) + B (cos 20 —i sin 20) 

= 5cos 20 -7i sin 20 
or (A+ B) cos 20+ (A-B)i sin 20 

=5 cos 20-7i sin 20 
Comparing both sides, we get 

A+B=5, A-B=-7 
Solving we get A= -1,B=6 
option (b) is true. 
nO 

(a) u = log tan (= + >| 


é'=tan (E+ 4 
4 2 


gull 1+ ion 

ie pe 
e" 1- tan = 

2 


Applying componendo and dividendo, we have 


8 

2 2 tan — 
glee we a 
eul2 


er 2 


> tanh 5 = tan = 


option (a) is true 


(b) cosh « = secO 


sinh o. = cos? h—1 = sec? 6-1 = tan® 
Also, e~ = cosh « + sinh o 


=sec@+ tan@ 


37. 


40. 


49. 


1 é sin@ 1+ sin0 
cos 0 


cos 8 cos 8 


iz 
8 . 0 
_ (cos + sin] _ 008 + sin 5 


20 .280 () 0 
cos sin cos sin 
2 2 2 2 
1+ tan 2 
_ 2; a) 
2 an( } 
1- tan — 4 
2 
e* =ten(Z +5) 
4 2 


> a= log tan (E+ 4 
4 2 
(c) sin (a + iB) = sin & cos (iB) + cos o sin (iB) 
= sin a cos nB + cos ai sin hp 
[-- cos (iB) = cos hB | 
sin (iB) =i sin hB 
= sin « cosh B +i cos a sinh B 
Real part = sin a cosh B 
Imaginary part = cos @ sinh B 
option (c) is true. 
(c) cosh (a + iB) = cos {i (a + iB)} 
= cos (ia — B) 
= cos (ix) cos B + sin (ia) sin B 
= cos ha cos B +i sinh a sin B 
Real part = cosh o cos 8 


Imaginary part = sinh o sin B 


.. option (c) is true 


(b) sin? (x + iy) = Z [2 sin” (x + iy)] 


= Nw 


= —[1-cos 2(x + iy)] 


ie) 


fe. 2 sin? @=1-cos 20] 


= ; [1 — cos (2x + 2iy)] 
= —[1- {cos 2x cos (2iy) — sin 2x sin 2iy}] 
[1 — cos 2x cosh 2y + i sin 2x sinh 2y] 


(1 — cos 2x cosh 2y) + i ; (sin 2x sinh 2y) 


B.Sc. Objective Mathematics (Algebra and Trigonometry) 
[te RA 10 


51. 


56. 


58. 


59. 


60. 


Real part = ; (1 — cos 2x cosh 2y) 


Imaginary part = ; (sin 2x sinh 2y) 


option (b) is true. 


(a) esin (x + iy) esinx cos (iy) + cos x sin (iy) 


= esin x cosh y+icosx sin y 


sin x cosh y (icosx sin y 


=e e 


= e§n x coh Y [egg (cog x sinh y) 


+i sin (cos x sinh y)] 


sin x cosh y cos ( 


Real part = e cos x sinh y) 


Option (a) is true 
(b) exp (sin id) = eS” ie 
— eisinh 8 
= cos (sinh 8) + i sin (sinh 8) 
Imaginary part = sin (sinh 6) 
option (b) is true. 
(c) sin (x + iy) = A+ iB 
sinx cos (iy) + cos x sin (iy) = A+ iB 
or sin x cosh y+icosx sinh y=A+ iB 
[-. cos (iy) = cosh y | 
sin (iy) =i sinh y 
= Az=sin x cosh y,B=cosx sinhy 
option (c) is true. 
(ob) From above problem, we have 
A= sin x cosh y,B =cos x sinh y 
Squaring and adding these, we get 
A B? 


- = sin® x + cos’ x =1 
cosh“ y 


sinh” y 
option (b) is true. 
(b) Since tan (x + iy) = Seay) x + iy) 
cos (x + iy) 


_ 2sin (x + iy) cos (x + iy) 


2 cos (x + iy) cos (x — iy) 


_ sin 2x + sin 2iy _ sin 2x +i sinh 2y (1) 


cos 2x + cos 2Ziy cos 2x + cosh 2y 


Again, sin (A + iB) = sin AcosiB + cos Asin iB 


64. 


= sin Acosh B +i cos Asinh B 
...(2) 
Given that, 
tan (x +i y) = sin (A + iB) 
From Eqs. (1) and (2) 


sin 2x sinh 2y 


cos 2x + cosh 2y 


cos 2x + cosh y 


= sin Acosh B +i cos Asinh B 


Separating real and imaginary part, we get 
sin 2x = sin Acosh B ...(3) 


cos 2x + cosh 2y 


sinh 2y 


> = cos Asinh B .(4) 
cos 2x + cosh 2y 


and 


Dividing (3) and (4), we get 
sin 2x _ sin AcoshB_ tanA 
cos AsinhB- tanhB 


sinx _ tanA 
sinh 2y tanh B 


sinh 2y 


Hence, 


option (b) is true. 
(c) sin (0 + id) = tana +i seca 
or sin @cos id + cos @ sin (id) = tana + i seca 
or sin @cosh ¢+ i cos @sinh o= tana +i seca 
Equating real and imaginary parts, we get 
sin 8 cosh @ = tan o ...(1) 
cos @ sinh @ = seca wale) 
Eliminating o between (1) and (2), we get 
sec’  — tan? a =1 
cos” @ sinh” o- sin? @ cosh” o=1 
or 2cos” @ sinh? o-2 sin? @ cosh” o=2 


or (1+ cos 28) sinh? o — (1 — cos 2) cosh? o=2 


or sinh” o- cosh” + cos 20 (cosh? o+ sinh? o)=2 


or (cosh? o- sinh? ) + cos 20 cosh 20 = 2 
or —1-+ cos 20 cosh 26 = 2 
=> cos 2cosh 20=3 


option (c) is true. 
O00 


CHAPTER Unit-lV 


6 Logarithms of Complex 
Quantities 


DEFINITION 


Log (x + iy) = log (x + iy) + 2nmi. 
Ifx +iyandu + iv be two complex numbers such that 


log (—x) = log x + ni and its general value is 

Log (—x) = log x + (2x + 1) wi. 

Then x +iy = log, (u + iv) log (-1) = ni 

Hence . 3. Log (-1)=(2n +1) ni. 
ut+iv=e** =x +iy = log (u + iv) 


e*¥ =utiv 


4. log (iy) =logy +i 5 its general value 


GENERAL VALUE OF LOGARITHM 


eee! oe eee 
The general value of log(u+iu) is denoted and Log (iy) = log y + (= ss =) 


defined as : 
log, (u + iv) = log, (u + iv) + 2nni (1) 5. log (=> 
Putting n = Oin (1), we get principal value. ‘Auei 
Hence log, (u + iv) = principal value. Log (i) = (= + ;] fo 
Logarithm of complex number is many valued 
function. 
Observations 
1. ice ieiie! tegte? a2 ont 
2 x 
and its general value is 
Solved Examples 
Example 1: The real part of log (1 + i) is Hence real part of log (1 + i) = 1 log 2 
(a) 2 (b) V2 . 
(b) 1 (d) log 2 «. Option (d) is true. 


1 Example 2: The principal value of log (—3) is 
Solution : Sincelog (x + iy) = 5 log (x? + y*) +i tant 2 
x 


(a) log 3 - ai (b) log 3+ ai 
(c) —log3 + ni (d) —log 3 — ni 
log (1+ i) = 2 log (1? + 12) +i tan“ 2 i 
2 1 Solution : Since general value of log (—x) is 
= log 2+ 2 log (—x) = log x + (2n+ 1) mi 


log (—3) = log 3 + (2n + 1) ti ...(1) 
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Putting n= Oin (1) we get, principal value 
. Principal value = log 3+ ti 


«. Option (b) is true. 


THE GENERAL EXPONENTIAL FUNCTIONS 


where, A = ; log (x? + y’) and B = tan 


(x +ayjor® = eth — b(2nn +B) [cos {(2nr + B) 
a+bA}+isin {(2nn+ B)a+bA}] 


-1Y 
x 


E le 3: Which of the following is true? 
If a and z are any two complex numbers, the general Ee ia OF cece aa a 
n+1)— —-(4n +1) = 
exponential function a’ is defined as (a) ii=e 2 (b) e 2 
Zz zloga _ : tT Tt 
a“ =a where log a= log a + 2n ti .  (4n-1)" .  —(4n—1)= 
- a (c) i =e 2 (d) ti=e 2 


Since log a is many valued function then a’ is also 
many valued function. Thus general value of a’ is 
= q@lloga+2nni) and principal value (by putting n = 0) 
=q@ loga 


REAL AND IMAGINARY PART OF (x + a 


By definition of general exponential function we have 
(x + iy)atiP = elatib) log (x +iy) 


= ela+ib) {log(x+iy)+2nni} (4) 


But log (x + iy) = ; log (x? + y’) +itan7! Z 
x 


= A+ iB (say) 
Then (1) becomes 


Solution : By definition of general exponential function 


je ellogi 


= eillog i+ 2n mi) 


Option (b) is true. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


Direction : Each of the following questions has four 


alternative answers. One of them is correct. Choose the 4 
correct answer. 


1. log (-1) is equal to 
(c) -Ti (d) =" 5, 


Zz: The real part of log (x + iy) is 


(a) x? 4 y? (b) log (x? + y?) 


1 1 

(c) Slog (x? + y*) —(d) = log (x? + y*) 
2 3 

3: The imaginary part of log (x + iy) is 


(a) tan x (b) tan! * 
y 


(c) tan y (d) tan? 2 


The imaginary part of log (1 + i) is 


The general value of log (x + iy) is 


(a) log (x + iy) — nti 


) log ( 
(b) log (x + iy) + 2n mi 

(c) log (x + iy) + n Ti 

(d) log (x + iy) + (2n+ 1) ai 
The general value of log (—1) is 


(a) n Ti (b) (2n+ 1) ni 


(c) (2n+ 1) zi (d) None of these 
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7. The general value of log (—x) is 14. The general value of log (1 + i) is 
la) logx + nti (b) log x + (2n+ 1) ni (a) log V2 + (2° 7 5] ri 


log x + (2n+ 1) =i (d) None of th 
(c) log x + (2n i (d) None of these (b) log 2+ (2n+ 9) ni 


8. The value of log (i) is 1 
(c) log V2 + @ + ;] Ti 
(a) mv (b) 2ni 4 
(c) Ti (d) 7 (d) None of these 
2 2 15. — log (—3) is equal to 
9. Which of the following is true? (a) eu (b) -3 et 
(a) log (iy) = log y + ai (c) 3e™ (d) 4e™ 
(b) log (iy) = logy +i = 16. Which of the following is true? 
2 (a) logi? = 2 logi 
(c) log (iy) = log y — i (b) logi? = logi + logi 
(d) log (iy) = log y-i 5 (c) logi? = {log i}? 


.2 als 
10. The general value of log (iy) is fe ogi @alog en gence 


1 17. | The general value of log (—3) is 
eae (2° - 5 ml (a) log 3+ (2n+ 1) ni (b) log3-(2n+ 1) ai 
1 (c) log 3+ nti (d) None of these 
(b) logy + (2n ar 5| ni 18. The principal value of log (—3) is 
1 (a) log 3- ni (b) log 3+ ti 
(c) log y- (2° - 5 mi (d) None of these (c) ni (d) ni 
19. log Vi is equal to 
11. The general value of log (i) is . ql. 
(a) Ti (b) ri 
(a) [2n+ 5] ri (b) 2n ni 
2 (c) Si (ad) 2: 
1 2 3 
(c) (2n ? 5] Ti (d) None of these 20. The general value of log vi is 
1 F 1 
12. Log (1+ i) is equal to ee a ae 
a : ieee (= ee | (c) 5 (8n +1) nm (a) None of these 
1 ; T 21. ilog| X=! lis equal to 
(o) 5 log 2—i (2m + ) g exer 2 
(0) 1 log 2-1 (2m m *) (a) m+ 2 tan! x (b) m- 2 tan? x 
2 4 (c) +3 tan! x (d) m+ 4tan7! x 
(d) None of these 22. ‘If x is real number, then 
13. The principal value of log (—1 + i) is i 16g 1+ ix _ 
(on aa G% ~l-ix 
(a) e 4 (b) V2 e 4 ; 4 
(a) tan x (b) tan™ x —nt 
31 31 


(c) J2e 4 (d) 2e 4 (c) tan“! x + nt (d) None of these 
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a f bee ? is Banas 30. If log log log (x + iy) = a + ibthen 
a+ib ele" cos b) eer (e" sin b) is 
2ab 2ab 
b 1 
re emery: (a) log (x? + y?) (b) 5 log (x? + y4) 
b b 
(c) a, Z (d) > re (c) ; log (x? - y) (d) None of these 


24. If tan log(x + iy)=a+ ib where a® +b’ 41 then 31. log (cos ®—i sin @)is 


tan {log (x? + y*)} is (a) 8 (b) e'® 
2 2 (c) i® (d) +0 
(a) : 2 (b) eT 
a“ —b l+a*+b 32. log (cos 8 —i sin 8) is 
a . : (d) = : (a) -i@ (b) i@ 
l-a*-b l-a“ +b (c) cos @ (d) sin 0 
oe lees & a 33. log (1+ i tan ®) is 
’ a (a) log sec® (b) log sec0+i0 
29 ck Sj 
(a) tan’™ (sinh o) (b) tan” (cosh a) (c) log secO —i 0 (d) None of these 
(c) itan™ (sinha) — (d) i tan“? (cosh a) 34. Log (-6)is 


a) log6-i(2n+1) 1 
b) log6+i(2n+1) a 


[ sin (x + iy) | 
26. log| ———"__ 
la (x =i) | 


(a) 2 tan! (cot x tanh y) 


is 


( 
( 
(c) log6+i(2n-1) x 
(b) i tan7} (cot x tanh y) (d) None of these 
35. — Log (1) is equal to 

(a) (2n+1) a (b) (2n+ J) zi 


(c) (2n—1) mi (d) None of these 


(c) 2 tan! (cot x tanh y) 
(d) None of these 


27. If log sin (x + iy) =a + if then sin (x — iy) is 46 doa t-Sisequalts 


(a) e&% +B (b) e% ~ 8 ft 
(c) e® (a) & a ae 

28. Th 1 part of | in (x + iy) i - 
eal - Of 10g SIN (x 1Y) 1s ic} Fi (d) isle 


a) — log = (cosh 2y — cos 2x 
las sol y ) 


20 


37. If-m<@< mthen log (1+ e%”) is 


(b) log Lu (cosh 2y + cos 2x) 9 1 
2 (a) loa(2cos 5) + 518 


(c) ; log (cosh 2y + cos 2x) 


(d) None of these 

29. Iflogsin(@+i 6) =a+iP then e?® — e® — 4e% 
is 
(a) cos 20 (b) sin 20 


(c) 2 cos 20 (d) 3cos 20 (d) None of these 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


1 loa £28 (x — iy) i 46. 
2i cos (x + iy) 

(a) tan7} (tan x coth y) 

(b) tan7! (tan x tanh y) 47. 


(c) tan! (tanh y) 


(d) tan! (coth y) 


If log log (x + iy) = p + iqthen 48. 
(a) y=x cot (b) y=x cos® 
(c) y=x tan® (d) y=x secO 
log (: sl ql is 
a-ib 
(a) 2tan? P (b) % tan? > 
a a 
(c) 2i cot : (d) None of these 
The value of i? form a 50. 
(a) Arithematic progression 
(b) Geometric progression 
(c) Harmonic progression 51. 
(d) None of these 
The value ofi! form a geometric progression whose 
common ratio is 
(a) &* (b) e™ 52. 
(c) e™ (d) e* 
i? is 
(a) Single valued function 
(b) Double valued function 
(c) Periodic function 
(d) Many valued function 
The general value of (-i)7! is 
e ot sj oo 
Zn 
(c) e2 (d) None of these 53. 
If sin (log i') =a + ibthen ais 
(a) 0 (b) -1 
(c) 1 (d) 2 


If sin (log i') =a + ibthen bis 


(a) 0 (b) -1 
(c) 1 (d) 2 
The value of sin (log i') is 

(a) 0 (b) -1 
(c) 1 (d) 2 


The value of cos (log iis 


(a) 0 (b) 1 

(c) -1 (d) 2 

log i! is 

a) 4m+1 b) 4m+1 
4n+1 4n-1 

Aaa (d) None of these 
2n-1 


Iti?” = A+ iBthen A? + B2is 
(b) e TB 
(d) None of these 


1fi% * 8 =o + iB thena? + B7 is 


(a) eB 


(c) e278 


4n+ 1) 1B (b) e (ant 1) 1B 


(a) el 


(c) ent (d) None of these 


The real part of (081+? ig 


n2 


a) e 8 cos| ™ log2 
(a) (103.2) 


(b) e 8 cos (3 log 2) 
(c) cos (3 log 2) 


(d) sin (3 log 2] 
If (i)' = cos @ —i sin 6 then 
(a) 0= 2 (4n+ 1) (b) @= nm (2n+ 1) 


(c) 0= 5 (4n + 1) (d) None of these 


B.Sc. Objective Mathematics (Algebra and Trigonometry) 
La _-_]_A A 16 


54. If log(x —iy) = A+ iB then Ais 58. The real part of log (1 + i tan a) is 
1 1 
(a) 3 log (x? ~ 4) (b) 3 log (x2 ra y2) (a) seca (b) tana 
(c) log seca (d) log tan o 
2 2 Z 2 

(c) log (x + y*) (d) log (x* — y") 59. The imaginary part of log (1 + i tan @) is 
55. — Logarithm of complex number is (a) tan a (b) o 

(a) Single valued function (c) 20 (d) 30 

(b) Double valued function 60. The real part of i° is 

(c) Many valued function (a) cos (2m + 5] Ta 


(d) None of these 1 
(b) sin (2 + 5] ta 
56. _ If any principal value is considered then imaginary 2 


part of log (x + iy) is (tae [2 P 5 


(a) tan! (b) tan? ¥ 

y x (d) None of these 
(c) tan7] F (a) Node obihiess 61. ‘The real part of log (1 + i) is 

1 
57. If general value is taken in account then the (a) log V2 (b) D) log 2 
imaginary part of log, (x + iy) is 1 
(c) = log 2 (d) None of these 

(a) tan? 2 (b) tan! * . 

* y 62. The ratio of real part of log (1 + i) and log (1 — i) 
(c) tan) 2 + ni (d) tan) 2 + 2Qnni ia wh 

x x (c) 2 (d) 3 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


ae (Bye 2 fe) [les (eve sl ed || eS (Bde) Peal tovel ze Lilie Ss tele 9s tb) | aon (tb) 
Aa fay) 42s) fal) | ae ey |) tas (ey | as) ten | ae ay || a7. | Ya), ft, | ey) | ts))|) (bi || 200 | fe) 
BAe) f(y) 220 atch | 23a tbe le 2a | te) |e 255 tel l2Ge| fal ||275 f(b) | 28) | vay) 29-|) tc) 305 | Xb) 
Bae) |b) | S25 tal || sae fbi aan) tbh || 351 iio) aee|/tcl || 37s |rale |e 384 | tay) 39" | elu | ans | 4b) 
4iy| | (by) | 42. | fey | ass tein aa | tb) |) 45) tb) | aerl| (aha. | (e)) || cass | tay) | 49.|| tan) Se. | (6) 
Bal |b} | 52) | (by esse (te a4. | (bh || S54) (ell fsa) (bi) S74 fit) || SBq | ich |) 595|) (br |e60: | ta) 
61. (c) 62. (b) 
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HINTS AND SOLUTIONS 


1. (b) log (-1) = log (e") = ni loge = Ti 20. (a)Since, i=cos 5 7 sin 5 
8. (c) log (i) = log (cos = + isin =) i 
2 2 se 
Ti ’ 
=loge2 a ™ Logvi = logvi + 2nni 
2 


logVn = 4 by Question (19) 


12. (a) 1 += V2 (cos E+ sin 2 
So Logvi = a + 2nni 


Tu, 
4 
_/2e4 
= (He inl 


The general value is 
21.  (b) Putx =rcos@,and1l=rsin®@ 


um. 
log (1 + i) = log {/2 e4 e2nmiy Le. eonni =] 


then, r=x?4+1 
(E+ 20): 1 
= log V2 + log e\4 and tan @ = — 
x 
= log v2 +i(%+ 2nn| ie, an ee 
tant 1 
= 5 log 2+i(2ne + =) and 6 = tan . 
th i | X-i_jy r (cos 8 —i sin 8) 
13. (c) Let-1+i=r(cos6+ i sin 6) ...(1) eye Oe des I O8 cos 41 sine) 
> rcos@=—landrsinO=1 10 
Squaring and adding =i log “ei 
ZS = F 
r =2>r= 2 =i log e 7° =i (-2 6) = 20 
Now, cos 0 = -= sin 0 = 7 = 2 tan-) (=) 
x 
3m 
aa =2cot!x 
.3t Tt 1 
pee: =2|—-tan™ x 
“1+i=V2 (cos 38 +i sin 3) = We 4 (3 } 


19. (b) log vi = 2 logi = ul log («os isin *\ 
2 2 2 2 .. Option (b) is true. 


1 my 22. (c) Lettan! x =@ie., x =tan0 
== loge? 
ihiet, 1 iea 1+itan@ 
_in,_wi 2i 1-itand 
22 4 1 cos§@+i sin®@ 
= log 


2i cos 8 —i sin® 
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= x log (cos 8 + i sin 8) (cos 8 —i sin 9) where r= Jae + b* and@= tan! b 
i a 


7 x log {(cos 6 + i sin @) (cos 6 + i sin 6)} 
1 


= | 10g (cos 20 + i sin 2) ee i log 2— 9 = 29 
2i a+ib 
_ 1 lo (e!2) ari gp 
"ta > log log (e“") 
a 
- E log (e279! e2nmiy [-. eonni =]] eT 
i 
[ | 
= log e20 it 2nti hence, tan ' log — Z| = tan 20 
9 b 
= 5, 2i(0 + nn) 2tan@ a 
= 1— tan? 6 be 
i ee 
=0+nn=tan?x4+nn a’ 
«. Option (c) is true. = 2ab 
a’ — b* 


a ee ) 
23. (b) Leta+ib=r(cos0+isin®@)=re 9000 
a-—ib=r(cos® isin®)=re 


CHAPTER 


7 


GREGORY’S SERIES 


If 6 lies between T and ie.-™< O< z 
4 4 4 
Then, 
6 =tan8 a + tan ... to co terms ... 


5 
This is known as Gregory’s series. 
Particular Case 
I; Put ie. 6 = tan! x in Eq. (1) 


we get 


3 5 
= x xX 
tan Se cee ... tO co tan co 


3 


where, -1l<x<lie.|x|<1 


Unit-lV 


Gregory's Series 


2. Put 6 = 


(1) GENERALISED FORM OF GREGORY’S SERIES 


Ifna — Z O<nt+ z where, n is intger then 


@ nn = tan 6 2 tan3 6+ = tan® 6... to terms 


Solved Examples 


Example 1: For the validity of 


0- mr =tand- 7 tan’ 0+... 


when 6 lies between ut and a is: 
(a) 2 (b) 3 
(c) 4 (d) 5 


Solution : Since, we know that 


@~ n= tan 0 ~ = tan? + = tan? = 


is valid if and only if 


Tt Tt 
nut —-—<O0<nn+ — 
4 4 


But given that 


in cg 18n 

4 4 
> nmt+—= 13n and nt ain 
4 4 


Adding we get, 


to o the value of n 


.. Option (b) is true. 


Example 2: The sum of series 
(3 | 1 ( 2 1 } 1 f 2 1 } 
+ + + + + 
3 7 3\33 73 5\35 75 


(d) is 


TT Tl Tl 


Solution : We have 


( “| “(2 =) AG = 
+ + + + +... 00 
3 7) 3\33 73) 5\35 75 
oof 2 a) 

3 3 33 5 35 


(; 141 
+f{i-=-= + 
7 3 73 


1a. } 
5 75° 


B.Sc. Objective Mathematics (Algebra and Trigonometry) 
L120. Re 


=f 1 4 1 : : 3. 1 
=2tan7! — + tan by Gregory’s series =+ = 
3 7 SiO ete Saget i 
1 4 i 1-3 1 
2-= 4 7 
= tan 3 + tan! 1 
1-= 7 =tan? = 
9 4 
“. Option (b) is true. 
MULTIPLE CHOICE QUESTIONS Q— nr = tané — - tan? 6+ Z tan® @ ... to co terms. 
Direction : Each of the following questions has four 3 
alternative answers. One of them is correct. Choose the Then, value n when Olies beneen = mend == Tis 
correct answer. 4 
wah eyes (a) 1 (b) -1 
ae The validity of Gregory’s series is 
(c) 2 (d) -2 
(a) -n<O<n (b) Sar 7 The sum of series 
ae 1-4, ... to « terms is 
(c) -Z<e<= idj 2 oe" 33° 53° 73 
2 4 4 4 (a) 7m (b) rt 
2. The series = tan0 tan 38 + fan 58 ... co is known v3 7 
5 (c) (ay 2”. 
as 2/3 3V3 
(a) Gregory’s series (b) Euler’s series 8. The sum of series 
(c) Machin’s series (d) Rutterford series ( 1 1 1 1 1 : 
3 3 2) ( 52) ( a) eal 
3. The series x — "+ “> +: to e terms is 3 : 3 : 3 
T 
(a) tan x (b) cot@! x (a) x (o) 5 
(c) sec! x (d) cosec ! x o ‘ 
(c) — (d) — 
4. The sum of the series 4 12 
(iv oA 22 otorsetemaais 9. Ai peiserieg ah tee aw as 
3 Oe 7 13 57 917 
a) 1 b) = c) = qd) = a= 62 @2 @Z 
i 2) 2 . 4 ce 8 4 6 8 12 
5. For the validity of 10. The sum of series as + a + 2 + .., 00 is 
— i. 35 7.9 1113 
Q — nn = tanO — = tan” 6+ — tan” 6... to ~ terms. 1 1 
: +. Se (as-2 (oo + 
Then, values of n when 6lies between a Tand ri Tis 2 8 2 8 
1 sf 1 ot 
(a) n=1 (b) n=2 ears eae 
(c) n=3 (d) n=4 11, Thesesi4 2 : re : ... to ce term is 
3.5 7 9 Ii 


6. For the validity of 


Gregory's Series 


12. 


13. 


14. 


15. 


16. 


17. 


TT T 
@) 5 ©) OB 

Tv T 
\) of ‘) 7B 


If @ lies between a and a then 


T 143 15 F 
—-—cos d+ —cot + — cot +... to co terms is 
2 : 3 ° 5 4 
(a) (b) 26 (c) 36 (d) 46 
if" <9< then 
4 4 
a tan” 6- u tan* 6+ u tan® 0 ... to cc terms 
2 4 6 
(a) log cos 8 (b) log sec® ‘ 
(c) tan 0 (d) None of these 4 
if <e< * then 
tan? vod tan® re. tan!9 2 ... to co terms is 
23 2 5 2 

(a) tan 1+ cos (b) tan7 1-cos0 

1—cos@ 1+ cos 20 
(c) tant | 1+ tan®) (4) None of these 

1-tané 
If x > Othen 

3 5 
ue x-1 1({x-l ii x-1 Si 3 aes 
4 x41 3\x4+1 5\x4+1 
(a) tan! x (b) cot! x 
‘i ; 21. 
(c) sec x (d) cosec ~ x 
Ifnn<O0<nn+ qinen 
nt + ae bate be ec ae to co term 
4 3 5 

is 
(a) tan-t | £98 6-sin@ 

cos § + sin @ 22. 
(b) cot! { £8 6+ sin@ 

cos 8 — sin® 
(c) tan-! cos @+ sin@ 

cos 8 — sin 8 


(d) None of these 


The sum of series 


di 19 31 : 
+ + ied 
135 57.9 911113 


1 T 
a) — b) — 
(a) 7 (b) 5 
@i=2 (d) 2-2 
8 8 
The sum of series * - ae, + =. 1S 
23 327 5211 
=1 1 -1 1 
a) tan = b) tan” — 
(a) 5 (b) - 
(c) é tan! A (d) None of these 
2 4 
The sum to infinite series 1 — = + =” ... to 9 
347 54? 
terms is 
-11 11 
a) tan’- — b) 2tan~ = 
(a) Fi (b) ri 
(c) 3tan1 3 (d) 4tan7! 4 
4 4 
The sum to infinite series 1 — = + = - = ... to 
3 53° OS 
co terms is 
(a) x3 pi 
2 
(= V3 (a) 2 V3 
3 6 
tan” Lis equal to 
Gia tas, 
3 5 7 9 
@iete tet. 
oF Son oF 
Gis) 2e2.., 
3.5 7 
(d) None of these 
The sum to series 
[Stetsl ‘latetalt: 
2 5 8] 3[2 5 gg] 5 
E ug =| 2) eas 
(a) 5 (b) a (c) x (d) 2n 
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3 5 = _ 
23. Fortan) x =x —-*_+~.. wis ae Paes 
3.5 (c) n=3 (d) n=4 
(a) |x|21 (b) |x|<1 26. Assuming that 


(c) |x|>1 (d) None of these 1 3 1.5 
8 -— nz = tan @- — tan’ 8+ — tan’ @... 
24. JAMES GREGORY was 3 5 


(a) Scoten mathematician when 6 lies between ni -3 and nt + i mt. The 


(b) French mathematician 

(c) Swiss mathematician values of n when 6 lies between — and a 

(d) None of these (a) 2 (b) 3 
a 

25. For validity of (c) 4 (d) 5 
1. 3 1,05 
8 — nz = tan 0— 3 tan” 0 + 5 tan" @... 27.  Gregory’s series, Euler’s series, Machin’s series are 
useful for calculating value of 
; -15n 
Then values of n when 6 lies between and (a) x (b) e 
-170 ie (c) Y (d) None of these 


4 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


MAG) EN che (ee ING) Pleca lc) Poacale tl Adele csi (Gl) leecniteia styl te) 
Heal ee | Petey Poe Wieec el fay Decal ENP eee haley Pst) | SCeGn oll ey 


HINTS AND SOLUTIONS 


4. (c) From the Greogory series, we have nn —- = <0<nn+ = 
4 4 
6 = tan 0 - : tan? 6+ - tan® @ ... to o terms 
3 5 But given that 
Putting, 9 = ~ we get Th gc It 
4 4 4 
Ti ee De oeiienn => pray a 
4 3.5 7 4 a 
*, Option (c) is true. na ee tT On 
DS (b) Since, 4 4 
8a 
Sneatiee =" en ha ee bao tenes > nu =—-=2n 
3 5 4 
is valid if and only if > n=2 


Option (b) is true. 


Gregory's Series 


6. 


(b) Since, 


1 


ee ee ee tan® @... to co term 


is valid if and only if 


10. 


Option (b) is true. 
1 1 
(c) 1=—— + —— 
3: 


3 5° .. to co terms 
5:3 


85-38) +88) > 


= 3 tan! 


to co ts 


1 . 
—— by Gregory series 
B 


be 


. Option (c) is true. 


ii re 1 
(1-32) 3 (!-ge}* §(1-ge)* 


-(1-1+1.) 
3 5 


)-(Je-5(8) *3C) ©) 


V3 


= tan 1-— tan7 


a Me TY 
4 6 
Option (d) is true. 

(c) From Gregory’s series, we have 


ee ee ee = tan® 8...to coterms 


Putting 6 = ms we get 


-1 1 
+ mid ... to ce terms 


to co terms 
nt 2 4, 2 F 2 
4 1-3 5-7 9-11 
1 1 1 


+... to co terms 


+ + +... to co terms 
1:3 5:7 9-11 
ay 
- 
Option (c) is true. 
(a) Since 
Lal Bae eee 
4 3 5 7 9 
-(5-3)-G-3)- las) 
= +... 00 
Pe 7 9 11 13 
= 2 2 2 x 
3-5 7-9 11-13 — 
> Ra] (= + 1 + 7 tou} 
4 3-5 7-9 11-13 
1 1 2 1s 
+ + + ..,0 = 2 - 
3-5 7-9 11-13 2 8 


Option (a) is true. 


(b) From Gregory’s series, we have 


4 x2 x5 x7 XP 
tan x =x + + 
3 5 7 


.. tO oo terms 


...(1) 
Putting x = Vi in the above expression, we have 
ant fee, Pv _ Pv fl 
3 5 7 9 


—... to co terms 


Tt Tt ue Tt Tt 
= (cos +i sin } = cos — +i sin 
2 2 4 
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V2 9 V2 
(1 _ 1 — 1 + 1 + 1 
3.5 7 9 
Equating the real part of the above expression, we 
have 
-11+i 1 5 eee eee Pee 
Re | tan~! )- (1 + +—., 
( V2 V2 36 7° 5 


Now, suppose 


epee ae aly 
V2 
1l+i 
tan (x + iy) = —— 
(x + iy) a 
1-i 
and hence, _ tan (x — iy) = —— 
sar: 


Now, tan 2x = tan [(x + iy) + (x —iy)] 
_ tan (x + iy) + tan (x — iy) 
1 — tan (x + iy) tan (x — iy) 


1+i. 1-i 


2 
= v2 =o =tan = 
1-2/2 
Dea => wo 
2 4 
Thus, Re [ten ad ae 
2 3 
Hence, from equ. (1) 
1 1 211.1 
1+ +o. to co + terms 
val 3: 5.9° 9 
gut Ma. geese he 
o 5» 7 9 4 


ae: 


a 
2/2 


13. 


eee Di. Rercataneeia 


a 5 7 9 2/2 
.. Option (b) is true. 


(a) We have to prove that 


T 1 3 1 5 
—-— = cot d-— cot” 6+ — cot” d-... to terms 
9 o ) 3 o 5 o 
Let ~-o=0 
3 o 

Then, =, wehaveo=%-%=7 

4 2 4 4 
and when = 2" wo haveo=™ 2" 7 

4 2 4 4 


Thus, if @ lies between — 7 and ve 


Then, @ lies between —" and 
4 4 
i.e. for 6 the conditions of Gregory’s series are 
satisfied. 
Therefore, we have, 
1 


d=tnd=2 n?64 = an? 8 — ... to terms 


(Gregory’s series) 
.. 7 T 1 3 (3 } 
i.e. = tan tan 
2 4 (5 6) 3 2 ? 


+ u tan® (= - 
5 2 


°) ... to co terms 


fei4 


= cot 9 = cot? o+ = cot? g—..+... °° terms. 


1 1 
Hence, o = 5 cot o+ 5 cot? o a cot? o 
+... cc terms. 
Option (a) is true. 
(b) Since @< 7 we have 


log (1 + tan20) = tan7@— : tant 6 + : tan°@-.... 


+... cc terms 


= log sec” = tan” 0-5 tan 6+ pian 0... 


+ ...co terms 


Gregory's Series 


14. 


15. 


=> 2 log sec = tan® 0~ > tan* 0+ pian’ O~ 


+ .., cc terms 


=> nace ea 0 ee = tan’ 0. 


+ .., cc terms 


Option (b) is true. 


. 29 
2 sin? 2 
(b) tant? | 2-88 ) = tant 2 
1+ cos 0 Peost © 
2 
= tan : [‘an? e 
2 
. tan! be tan! (tan? 4 seal ll) 
1+ cos@ 2 
Now. 2 2g2" 2.0292" 
2 2 4 2 4 
> -l<tan—<1 
= 1<0< tan? 8 <1 
2 
=> -1< tan” 2 <1 
2 
Hence, by Gregory’s series : 16 
tan7! [‘an? 4 = tan? 2 tan® 2 + u tan!9 ? 
2 3 2 6 2 
—...+.., 00 terms 
Put in equation (i), we have 
tan“! fees tan 8 : tan® 9 4 u tani0 8 
1+ cos®@ 2 3 Z 5 Z 
—...+.., 00 terms 
Option (b) is true. 
(a) First we shall that if x>0 then ~— 1 lies 
x+ 
between —1 and 1. 
We have 
2 
x=] <loe k=) <1 
x+1 (x + 1) 
=i)" i}? 
= (x-1)* <(x +1) 17. 


© x2 -2Q41<x%4+ 241 


2 4>0 o=x>0 


x-1 
x+ 


3 
fy late Pe fe + ... to c terms 
4 x41 3\x4+1 


By ed & OD) 
4 (x + 1) 


(x — 1) 
(x + 1) 


x-1 


if x > Othen <1 


, by Gregory series 


= tan? 1+ tan7 


= tan? 1+ tan7 


= tan! 2x = tan7! me 
2 
Option (a) is true. 
-1 cos@+ sin®@ 


(c) Now, tan 
cos §- sin @ 


_1 1+ tané 
1- tan 0 


= tan 


tan es tan 0 


= tan 


1—tan ™-tane 
4 


= tan~! tan (5 + °) 
4 


+ nm + tan 0 ~ = tan @ +... 


to co terms 
(by generalised Gregory’s series) 
Option (c) is true. 
(c) Let the assume that 


S=7+19+ 31+...+ T, 
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S=74+19+...T_1+T 111 171% #171¥ 
= + sites 
Subtracting 0 = (7 + 12 + 12+....)- Ty 2\ 2 ala) sla] 
=> T,=74+124+12+...nterms 1 11 
=—tan ~ — 
=7+12(n-1) 2 2 
=7+12n-12 at gga l 
=12n-5 2 : 


ti is true. 
Hence, the nth terms of the series. Opliom sels te 


je 12n-5 19. (d) oe: _1 .... to» terms 
n 3-4 5:4 
(4n — 3) (4— 3) (4n+ 1) 
3 5 
-1f 1,1 2 =4|1 (32) +3(s2) 7 
2|4n-3 4n-1 4n+1 2 3\2 5\2 
By Partial fraction ~ Aten 1 
pralfi,1i_2 
- 213 °=5 -. Option (d) is true 
ne ae ee 20. (d) 1-4 ++, - 4, ...to< terms 
2" 215°7 9 x 5.32 (7.3 
1 1 2 1 1 1 1 
T3 =|—+ —-— = 3 . + 
: E 11 | E 3 (3? a 
re a firsts 
2}4n-3 4n-1 4n+1 3 
Adding we get, =/9: = m3 
6 6 
S’=T;'+ To’ +...+ T,’ 
1 a 1 Option (d) is true. 
“al'*3°5*9 1 137 1 x? 
21. (a) Since, tan x =x -—- +... 
Pe oe re ae ee ee 3.095 
2 2 3.5 7 9 Ii tan~ 1=1-—+—=-—... 
3.5 7 
A .if,.4,.4 2.4 4 : 
2 2 7°65 7 6 Option (a) is true. 
1 5|4 1 25. — (d) since, 
2 2Ue nn —-  =0<nn+— 
ee ‘ : 
2 8 2 Given that, ~27™ <g< 15% 
1 4 4 
a en 
8 ne eae and nt + m _—lbn 
ae 4. 4 4 
Option (c) is true. , 
if 1 > naa 
18. ae Geer Fe 4 
es 3.2) Sol 
> n=-4 
ae ee 
2122 3.96 910°” “. Option (d) is true. 
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8 Summation of Series 


SUM OF SINE SERIES WITH ANGLES IN 


ARITHEMETIC PROGRESSION di (" x common aierence 
Let the n angles be in A.P. be i.e., — 
o,a+8,a+ 28,...0+(n-1B sin — : sence) 
Then sum of sine series : 4 | 
sina + sin (ao + B) + sin (@ + 2B) +...+ sin x sin | ual a a smal 
{a + (n — 1)B} 
nB Particular Case 
sin — ; ; . ‘ . 
7 an ee, _ 46 (i) sina +sin 20+ sin 30 +...+ sinna 
sin B ig 
9 sin =. 
= sin (n + 1) — 
_ Oo 
sin — 
Solved Examples 
Example 1: The sum to n terms on the series ein nB 
sin (2n —1)0+ sin(2n — 3)6+ sin(2n— 5)0+ ...is = 2 cos ja+"—*p} 
sin nO sin? nO sin B 2 
a) ——_ (b) —_— 9 
sin@ sin 0 
a snd a8 ee sin? nO nr (" x common erent 
sin 0 sin 0 = 
Solution: Here, the angle of sine series are in A.P. whose sin [s2nmen oerenee 
common difference B = — 20 
first angle + last | 
Hence, ” cos irst ang a ast ang *} 
sin — (—26) 
Se 2 sin | (22-1) 6 + {2n—-(2n-1)6}] Particular Case : 
ana s cos & + cos 20, + cos 3a +...+ cosna 
2 sin - 
_ sin nO ania sin* nO _ 2 o \¢ +1) al 
sin 8 sin 08 . 
sin — 


“. Option (b) is true. 
Example 2: The sum of the series 


SUM OF COSINE SERIES Sige epee ON eae ON 
The sum of cosine series whose angles are in A.P. 2n+1 2n+1 2n+1 
ie. cosa + cos (a+ 28) + cos (a + 3B) +... cos +...4 cos "is 


{a + (n — 1)B} 
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1 -1 
(a) — (b) — = tan? L 
2 2 1+ (n+ 2) (n+ 1) 
(c) 1 (d) -1 = tant {n+ B-(n+ 0 
z : ; F : : tan 
Solution : Since, the angle of given cosine series are in 1+ (n+ 2)(n+ 1) 
A.P. whose common difference is S21 = tan! (n+ 2)- tana? (n+ 1) 
Hence, the sum of cosine series Putting n = 1, 2, 3, —n, we have, 
ont T, = tan Sten 2 
sin 
Gs 2n+1 6s nu, nn To = tan} 4- tan} 3 
sine 2n+1  2n+1 . 
2n+1 
. Wi T, = tan”! (n+ 2) — tan“ (n+ 1) 
sin 
een cos (n+ 1) x Hence sum of series 
F ™ 
ee anes 5,24 b4s.+ 7, 
ie (n+ 1) 0 = (tan~! 3-tan! 2) + (tan~! 4— tan} 3) + ...4+ 
2 sin - COS 
2n+1 2n+1 tan! (n+ 2)—tan7! (n+ 1) 
. ™ 
250 on+1 = tan! (n+ 2)- tan! 2 
a ee ce & Option (b) is true. 
_ 2n+1 2n+1 
a 9sin__= C+iS METHOD FOR SUMMATION OF SERIES 
2n+1 2n+1 C +iS is the most general mathod of summation of 
_-l trigonometrical series. The method can be used when 
2 series is of the following term. 
.. Option (b) is true. C =- ag cosa + ay cos (a+ 8) + ag cos (a + 2B) +... 
sse(1) 
METHOD OF DIFFERENCE S= ao sina + aq sin (a + B) + ag sin (a + 2B)+... 
In this method, every term is generally expressed as a -..(2) 


difference of two terms in a suitable manner. 
where do, aj, ag etc. and a, B may be any numbers 


Example 3: The sum to n terms of series real or complex. 

: 1 ; 1 Hence the cosine series is denoted by C and sine 
tan” ——___, + tan” ——_____, +... _ series is denoted by S. 
34 31+12 343.24 22 . 
To obtain C + iS 
tan! —— is ie. C+iS=ag (cosa +i sina) + ay [cos (a +B) 

Sern +i sin (« +B)] 
(a) tan™ (n+ 2) = ag +a, ell #8) 4 ay eller 4 


(b) tan7! (n + 2)— tan™! 2 


_ ia ip i 28 
=e lagt+aje’+aoe+...] 
(c) tan! (n+ 2)+ tan! 2 Y . 2 


+ 1 The series in the bracket reduces to one of the two 
(d) tan” following f . 
ni2 ollowing forms: 
Solution : Let T,, be n'” terms of series, then (a) Geomene series or arithmetico geometric 
series. 
d= tan“ s = tan} i 


34+ 3n+ r2 1+ {n? + 38n+ 2} (b) Binomial series 


Summation of Series 


(c) 


Exponential series or the sine, cosine series 
Logarithmic series 
(e) 


SERIES BASED ON GEOMETRIC OR 
ARITHMETICO GEOMETRIC PROGRESSION 


The following results will be useful in summing up the 
series or type: 


Gregory’s series 


n 
(i) dea *tonidnen ol = ei 
-r 
n_ 
aN Dp 
r-1 
(ii) a+art+ar’ +...to terms =—"—:r<1 
-r 


Example 4: Sum of series 


cos 0. cos @+ cos” @- cos 20 + cos® 6: cos 30+... 


terms where 0 is not multiple of 1, is 


(a) 0 (b) 1 
(c) 2 (d) 3 
Solution: Let 


C = cos @ cos @ + cos” 8: cos 20+ cos? @- cos 30+ ... 
to coterms 
and S=cos@sin@+ cos” 0 sin 20 + cos® sin 30+ ... 
to coterms 
“. C+ iS = cos 8 (cos 6 + i sin @) + cos” 6 


(cos 20 + i sin 20) + ... co term 


i20 Sie, 


=cos@ el? + cos” 0 e + cos’ 0: e 


co 


The series on the RHS is an infinite geometric series whose 
first term and common ratio are cos 6 e” 
cos 6 e” se 


2-—cos0- e® 


cos @ e!® x 1-008 0: e7 


id 


1-cos@- e® 1-—cos0e 


cos @ e — cos” 6 


-®) + cos? 6 


1-cos@(e” +e 


_ cos 6 (cos 0 + i sin 6) — cos” 8 


1— cos 0 (2 cos 6) + cos” 8 
_icos@-sin®@ _icos@sin®@ 
1— cos? 6 sin? 6 


=i cot 
C+iS=i cot 


Equating real sides on both sides, we get 
C=0 
Option (a) is true. 
SERIES BASED ON BINOMIAL SERIES 
The sum of series 


Example 5: 


sing + nsin(@ + B)+ ae 


sin (o + 28)+... 


to(n + 1)terms is 


(a) 2” cos” 
(b) 2” cos” § sin (« + ) 


(c) 2” sin” 


NIP plo Nile 


(d) None of these 


Solution: Let 


S=sina + nsin (a + 8) + 


nin sin (a + 28) 
+ ...to (n+ 1) terms 


n(n—1) 


and C=cosa+ncos (a+ B) + cos (a + 28) 


+... to(n+ 1) terms 
C+ iS=(cosa+i sina) +n {cos (0 + B) 


+i sin (a+ B)}+ "=D cos (a + 28) 


+i sin (a + 2B)} +... to (n+ 1) terms 


ifa+B) , n(n—I) oop 
12 


=e! + ne 
to (n+ 1) terms 
= e! (1 + eB)" by Binomial theorem 


=e! (1+ cosB +i sin B)" 


n 
= el [2eos? B+ asin E+ a1 sin F cos) 
2 2 Z 2 


n 
= el™ 9" cog” B (cos B +isin | 
2 2 2 
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n cosn B 5 cos (a+ Pe ge (« r eh SERIES BASED ON LOGARITHMIC SERIES 


Example 7: The sum of series 
Equating imaginary part both sides, we get 


S=2" cos" B sin (a+ 9) See er ... to oo terms is 
(a) 0 (b) 1 
Option (b) is true. (c) 2 (d) 3 
Fi 1 20. aL 3m 
Solution: Let C= cos =~ + = cos ~" + = cos 2 +... 
SERIES BASED ON EXPONENTIAL SERIES oo es 
The following results will be useful in summing up the to co terms 


zn 1. 2n 12. 3n 


series. If z is any complex number then afd. Sac dee ot tee i eae eee 


3? 39 3.2 3.3 
(i) e? =1+z2+—+—+...to ~ terms mn, ,. %), 1 20 5 a 2h 
2! 383i « C+iS=| cos —+i sin + —]| cos +i sin 
3 3 2 3 3 
2 3 
(ii) e7=1 ade 2 4... 0 ce terms y pleeoteens 
2\ 3) i= ;2n 3" 


=e3+ Le 3 gfe 3 + ... to oo terms 
2 3 


Example 6: The sum of the series 


A in 20 in 30 =~ log j1-e' 5] 
ainy - Se, Se +... to. terms 3 
1! 2! 3! | [ T Tt | 
; =-log I cos i sin | 
(a) eves 8 3 3 
(b) esin’ ® ~—toal1 2 193) _1og{ 1 _ iv | 
cos” 6. . a l 2 2 : | 2 2 | 
(c) e sin (sin 6 cos 6) 
cos 6 | : 
(d) €°"® sin (sin9) | --[3 a (3 ‘ 3) duce (27)| 
Solution: LetS = =" + ae + n= + ...tocoterms / 
: ; as ie laten 4S 
and Cx OP? 4 008 By COS te caters 7 
At 2! 3! Equating real parts on both sides, we get 
C+iS=1+ cos9 BPTI , C= 7 load = 1 yQ=0 
i si -. Opti is true. 
eos Bein + ... to co terms peer 
es SERIES BASED ON GREGORY’S SERIES 
=1+e%+" + ..to coterms We shall use gregory’s series 
2 ; ee ee ey et ee 
=14 24 5 + ...to «terms [where z = e!°] 3 5 


where z is any complex number such that 
=e’ =e |z|#1but z #i 


= ot _ cos 9 Wisin 0 
=cos 0+ i sin®=e eC Example 8: The sum of series 


C#iS=e™ ® [cos (sin @) + i sin (sin 6)] 


e650) cos Sie Scas0e.. to oo terms is 
Equating imaginary parts both sides, we get 3 5 
S = 8 in (sin 6) (a) 1 (b) 3 
Option (d) is true. (c) 3 (d) wT 
4 8 


Summation of Series 


Solution: Let 


and S=sin0 sin + 


“. C+ iS = (cos 0 + i sin 6) — 


C= cos 0~ = cos 39 + = c08 58... too terms 


sin 50... to co terms 


1 
5 
7 (008 38 + i sin 30) 


+ = (00s 50+ i sin 50) ... to oo terms 


=¢9 : gn 4 z e!°® to coterms 
= tan} (e!®) by Gregory series 
= tan} (cos 6 + i sin 8) 
Hence, C + iS = tan”! (cos @ + i sin @) (1) 
C-iS = tan (cos 6 —i sin 8) ...(2) 


Adding (1) and (2) 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


Direction : Each of the following questions has four 


alternative answers. One of them is correct. Choose the 


correct answer. 


1, 


The sum of series 


sin a + sin 20 + sin 3a + ...+ sin nais 


na . no 
sin — sin — ae ite 
(a) (b) 2_ sin 
. Oo . OL 
sin — Sin — 
2 2 
(c) sin mae (d) None of these 
If nis positive integer > 2 then 
sin 2m + sin An + sin 6n +...4+ sin Ais, 
n n n n 
(a) 0 (b) 1 
(c) 2 (d) 3 


The sum of the series 


cos & + cos 3a + cos 5a + ... + cos (2n-1) ais 


2C = tan“! (cos 8+ i sin @) + tan 1 (cos 0 —i sin 6) 
= tan? (cos 8 + i sin 8) + (cos 6 —i sin 8) 
(cos 8 + i sin 6) (cos 6 —i sin 6) 
: cos 7 
= tan! 5 
(cos” 6 -i2 sin 6) 
ai ov fee cos | 
= tan 200s 0 = i lege 
2 
2c=" 
2 
ee 
4 
Option (c) is true. 
(a) sin 2no (b) 2sina 
sin zal (d) a0 2na 
2sin a sin a 


sina + sin 30+ sin 5a+.. 


.tonterms . 
is 


cos @ + cos 34+ cos 54+... ton terms 
(a) sin na (b) cos na 
(c) cot na (d) tan na 
cos + cos 3m + cos on + cos an + cos on is 
1 11 11 
1 
a) 1 bi 
(a) (b) 
1 1 
Cc) d) = 
(c) z (d) Fi 


sin? at sin? f 


terms is 


a+ 
n 


(b) 


(d) 


2") + sin? ( 


ALS MIS 


4n 
at+—— 


n 


\e ..ton 
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7. 


10. 


11, 


12. 


13. 


IfB be the exterior angle of regular polygon of nsides 
and @ is any constant then 


sin a + sin (a + B) + sin (@ + 28) + ...to nterms is 
(a) 0 (b) 1 
(c) 2 (d) 3 


If B is the exterior angle of a regular polygon of n 


sides and a is any constant 

cos & + cos (% + B) + cos (a + B) + ... to nterms is 
(a) 0 (b) 1 

(c) 2 (d) 3 


The sum of nterms of the series, (for n> 2) 


2 , 
cos” a + cos” [« + =). cos” (« Ee 3 ae 
n n 


For n> 3, the sum of series 


cos* a+ cos* (« + *)e cos* (« + =r) dS 
n 
(a) 0 (b) 1 


The sum of the nterm of series 


2 4 
cos* 0, + cos* (« + =n) cos* (« + “). wi 


(c) 2 


n n 
(a) 2 (b) 2 
2 8 
3n 3n 
(c) — (d) — 
8 4 
The sum of the series 
tan! —— + tan7! —— +... 
3+ 314+1 3+ 32+ 2 
tan! — =| is 
34+ 3n+n 
(a) tan : (n+ 2) 
(b) tan! 2 
(c) tan7! (n+ 2)- tan! 
(d) tan7! (n+ 2)+ tan! 2 
The sum of the series 
tan! A + tan7! 2 + tan! a tot tan7! 
3 9 
a 
1+ gt” 


14. 


15. 


16. 


17. 


18. 


n n 
(a) tan72 - = (b) tan7? : S 
+ + 
(c) tan7! 2” (d) None 


The sum of series 

cot! (2a7} +a)+ cot! (2a7} + 3a) + cot! (2a7} 
+ 6a) + ... cc is 

(a) cot! a (b) cot + 


-la 


la 
(c) cot (d) cot a 


The sum of nterms of series 


_-1v1-J0, .. -1V2-V1, . -1V3-2 
sin + sin + sin 
V1.2 V23 V3.4 
+ ...is 


1 1 


(d) None 
The sum of series 
sec @ sec 20 + sec 20 sec 30 + sec 30 sec 49+ ...ton 


terms is 


(a) cosec @ [tan (n+ 1) 6 — tan 6] 


(b) cosec® 
(c) cosec®@ tan (n+ 1) 0 
(d) None 


The series 
tan@+ 2 tan 20+ 27 tan?o4+...+ 2°71 
tan 2”~1 is 


cot 0 


a) 
) 2” cos 2" 0 
) 


( 
(b 
(c) 2” sin 2" 0 

(d) cot 6-2” cot 2" 6 

The sum of nterms of series 

cosec @ + cosec 20 + cosec 27 8 + ...to nterms is 


(a) cot 5 — cot gn-lg 


Summation of Series 


(b) cot 8 cor 2?-t¢ (a) m (b) * 
2 2 
8 Tt Tt 
c) cot — CG). d) = 
(c) : (c) A (d) z 
(d) None 25. The sum of series 
19. Th f seri 
a " mee ‘ cot} (? + =) + cot} (2 + =) + cot} 
tan! —+ tan“? —+ tan! —-+...to nterms . . 
3 7 13 32 3 , 
+ —] +4... 09 is 
(a) tan! n (b) tan7? —” ( ’) 
n+2 1 1 
+ 4 (a) — (b) cot7? = 
(c) tan” (d) None 2 2 
n+2 i 1 4,1 
(c) cot> = (d) cot” = 
20. Sum to(n-—1) terms of series 4 
tana: tan 2x + tan 20 - tan 30 + tan 30: tan 4a 26. The series 
+ ...is cot! (2 + ;| + cot! (2 + al + cot 
(a) cota tanna+n  (b) cotatanna+n 2 2 
(c) tan no (d) None (2 ‘ z}* ieee ¥g 
21. The sum of series 2 
tan} x + tan? — * + tan a, (a) cot! 2 (b) cot! ; 
Te 12 x" 1423." 1 
ene (c) cot 7 (d) None 
-1 -1 
(a) tan” x (b) tan” nx 27. The sum to nterms of series 
ain 
(c) tan 2 x (d) None cosec @- cosec 20 + cosec 20 cosec 30 + cosec 30 


oo. “wea daduendaet - cosec 49 + ...to nterms is 


cot? 3+ cot 7+ cot 2134 ...4+ cot! (1+ (a) cosec® cos (n+ 1) 


n+ n’) is (b) cosec @ [cot 6 — cot (n+ 1) 6] 
(a) tan’ n (b) tan ee, (c) sec@ cot (n+ 1)0 
ifiennt 222 (a) = (d) None 
n 4 


28. The sum of series 
23. The sum of series 


sea j ‘ ; ‘ tan @ sec 20 + tan 20 sec 270 + tan 270 sec 2°06 
cot ~ (21°) + cot” (2.2°) + cot” (23°) + ...+ 


+ ...to nterms is 
cot + (2. n’) is 


(a) tan (2” @) (b) tan 2” 6 — tan @ 
(a) cot? 7 _ (b) cot! n+l ; 
n+1 n (c) tan 2"6+tan@ (d) None 
(c) cot? = (d) None 29. The sum to nterms of series 
n 
1 % 1 se pt 
24. The sum of series cos@—cos 30 cos@—cos50@ cos@-cos 70 
cot (217) + cot! (2.27) + cot (237) +... to Fae ee 
terms is (a) cot 6 — cos (n+ 1) 0 


2 sin 0 
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30. 


31. 


32. 


33: 


34. 


35. 


(b) cot @— cot (n+ 1)0 
(c) cot@+ cot (n+ 1)0 
(d) None 

The sum of series 


sing sin30 _— sinda : 
+ + + ... to co terms is 


1! 3! 5! 
(a) eS sin(sina) (b) e©°S sin(cosa) 
(c) e6°S™ cos(cosa) (d) e©°S cos(sina) 


The sum of series 


sing + 5 sin 2u.+ J sin 30+ ... to cc terms is 
2 


i) 4sin o (b) 4 ove 
1-2cosa 5-4sina 
ie 2 sin a (d) None 
5-4sina 
The sum of series is 
1422" 2 | = | eed + ..,.to nterms is 
cos® cos“@ cos’ @ 
Tees as 
(a) sec” @ sin nO (b) fies wae 
tan 8 
(c) tan n@ (d) cot nO 


The sum of series 


cos. + 5 cos 2u.+ J cos 30. + ... to ce terms is 
2 


(a) Aces a= 8 (by 4908a-2 
5-3cosa 
(c 4 cos 0. ~ 2 (d) None 


5-4cosa@ 


The sum of series 


sin@ sin 20 sin 30 : 
5 5 + ... to oo terms is 
Tt T tT 
(a) msin® 
(b) = cos 
(c) mT sin 8 


n? + 2ncos0+1 
(d) None 


The sum of series 


1+ccosa +c” cos 20+ c? cos 3u+...+ ton 
terms 

1-—ccos 
(a) 1-c cosa (b) = 


1-2ccosa+ c* 


(c) 1+csina (d) None 


36. 


37. 


38. 


39. 


40. 


The sum of series 


sin @ sec@ + sin 20 sec” 0+ sin 30 sec? O + ... 


terms is 
(a) sin ® (b) cos 
(c) tan 0 (d) cot 0 


The sum of series 


bs sora eesti ee Gan to 0 
2 24 246 


terms where @ lies between aa and 3 is 


a) cos a@ (1+ cos a) 
b) ,/cos a (1+ cos a) 
) 


c) ,/sin om (1+ sin a) 


ms, Spank ams 


d) ,/sin a (1+ sin a) 


The series 


t+) este cosie ewe ae see “tO 
2 24 2.4.6 


terms is 


The series 


sinh u + nsinhu + oT 


terms is 


(a) 2 cosh 
2 
n 
(b) (2 cosh 5) sinh [u + =) 
2 2 


(c) 2 sinh E + =) 
2 


(d) None 

The series 

sin 0 — ae! + my ... to c terms is 
2! 3! 

(a) e359 (b) e708 

(c) e7 ©°8® sin (sin 0) (d) None 


sinh 3u +... to (n+ 1) 


Summation of Series 


41. 


42. 


43. 


44. 


45. 


46. 


The sum of series 


sin 20 cos“ sin 30 cos* 0 
+ + 


sin 8 cos 8+ 
2! 3! 
term is 
(a) 200s 68 (b) esin? 6 
(c) 2°08" ® cin (sin 0 cos 6) 
(d) 28" 8 cog (sin @ cos 8) 
Sum of series 
1 c* cos 20. c* cos 40 
+ oT + a1 + .., to oo terms 
(a) cosh (c cos @) 
(b) cosh (c cos 8) cos (c sin 6) 
(c) cosh (c sin 6) (d) None 
The series 
cos 38x cos 5x : 
cos X — oo is 
3! 5! 
(a) sin (cos x) 
(b) sin (cos x) cosh (sin x) 
(c) sin (sin x) sinh (sin x) 
(d) None of these 
The sum of series 
1 cos® cos20_ cos 30 : 
+ + + + .... to co terms is 

1! 2! 3! 
(a) eS cos 0 (b) e°°® cos (sin 6) 
(c) e°°S® sin (sin 6) (d) None 
The sum of series 

Z 3 
cos @ cos 6 + £28 28 cos“ 8 cos 30. cos” 8 
2! 3! 

terms is 
(a) 2" ® cos (cos @ sin @) 


(b) e°°° 8 (cos @ sin 6) — 1 
(c) esin’ 8 (d) None 


The sum of series 


sin o + cn + a + ... to oo terms is 
(a) ecosh Qa (b) esinh Qa 


(c) e€°Sh ® sinh (sinha) (d) None 


... 0 0 


47. 


48. 


49. 


50. 


Dk 


52. 


53. 


The sum of series 


cosa  1cos2x. 1 cos3a ; 

+ t + .., co terms is 

2 2 92 3 98 

1 5 
(a) — = log] = — cos « | (b) log (cos a) 

2 2 
(c) log (sin a) (d) None 
The series 

é 1 ee 1 ener 
cos &- sin & + — cos“ © sin al ae a sin 30+ 
... to co terms 
1 T 1 T 

a) = b) —-a c) —+0 d) —+a 
(a) 5 (b) (c) 5 (d) 4 
The series 


cos 8 — ; cos 20 + ; cos 30 ... to ee terms is 
(a) log 2 (b) log 2 + log cos 5 
(c) log 2+ log sin 5 (d) log 2 — log cos 5 


The sum of series 


sin @— = sin 29 + sin 39... to» terms is 


The sum of series 


cos 20 + 5c 60+ : cos 106+ ... to « terms 


(a) log (cot 8) (a) 5 oalcot 6) 


(b) 5! (cot 6) (d) 0 

cos f + + COS 2 + cos 2n + : cos 2n 
3 3 3 

oo is 

(a) 0 (b) 1 

c) 2 d) cot om 

(c) (d) 3 


The sum of series 


sin @~ = sin 39 + = sin 50 ...to > terms 


1 


(a) tanh7 ( sin @) (b) - tanh”! (i sin 6) 


(c) 0 (d) 1 
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54. 


29: 


56. 


of; 


58. 


59. 


The sum of series 


cosa. 58 cos 3a + : c° cos 5a ... to terms is 


(a) 5 tan | a (or dene wos) 


1-2 
(c) tan! (cos a) (d) None 
Sum of series 
sin 2n + sin 4n +... sin nm 
n n n 
(a) O (b) 1 
(c) 2 (d) 2% 


The auxiliary series corresponding to the series 


cos? 8 


2 
S : P 
= * sin 20+ 2° sin 39-4 


S=cos 6 sin6+ 


so that C + iS method may be applied is: 
2 cos 20 


2 
(a) C=cos®@cos0+ a 


3 
+ So cos 29+ .. 


sin? 8 


(b) C=sin@cos0+ cos 20 


sin® 8 


+ ——— cos 30+... 
3! 


2 
(c) C=sin@ sind + “SS sin 29 


(d) None of the above 


1+ cos 0 cos 20 | cos 30 | — 

1! 2! 3! 
(a) e°°® cos (sin 6) (b) e ® sin (sin 6) 
(c) e°8® sin (sin 8) (d) None 


De se! 4 
The value of 1 + S e270 Cc eAié 


4! 
(a) cosh (e'*) (b) cosh (Ce'®) 
(c) cosh (ce’*) (d) None 
The real part of 
14+ xel® + x? @?8 + .., 00 is 

2! 


60. 


61. 


62. 


63. 


64. 


65. 


x cos 8 x cos 8 


(a) e sin (x sin @) (b) e cos (x cos 8) 


x cos 8 


(c) e cos (x sin ®) (d) None of these 


The sum of the series 


1+ en e” +... co is 
A) 2! 
(a) e6° [cos (sin 6) + i sin (sin 6)] 
(b) e00s 8 + eisin 8 
(c) e°°S® (cos @ + i sin 6) 
(d) None 


IfC+iS=1+ sec e! + sec? 6 ce!” + ... tonterms 
then C is 


(a) 1+ os = + = + ...to nterms 
cos® cos“@  cos’@ 

(b) 1+ sat — + = +... to nterms 
cos® sin“ @ sin’ @ 


(c) 1+ cos@+ cos 20+ cos 30+ ... tonterms 
(d) None 


Sum of series 


eae Sein? 4.8? in? "4, 
3? 33 


ai . (sin 6 — 6) (b) : (6 — sin 6) 


.. co iS 


(c) 7 isin 6 +0) (d) None 


If C+ iS = sin (e*) then S is 


anve sin 2x — sin 5x 
3! 4! 

(irene sin 3x ey sin 5x aes 
3! 5! 

ie aise sin 3x m sin 5x — 
3! 5! 

(d) None 


The sum of series 
1-24 2-34 3-34+...n(n+ l)is 


n+ 1)(n+ 2) 


rns tnea wy 7 ; 


n(n+ 1)(n+ 2) 


(c) 5 


(d) None 


If |c |< 1, then the sum of series 


ceib + i 2 ei2B + = c8ei3B +... 00 is 
2 3 


Summation of Series 


66. 


67. 


(a) log (1 + cei) (b) log (1 — ce’#) 68. 


(c) — log (1 — ce'#) (d) — log (1 + ce'B) 


If tan} - = tan! (2n + 1) - tan”! y then value 
2n 
of yis 
(a) 2n-1 (b) n-1 = (c) n+1 = (d) 2n 69 
In C+ iS method if 
C= cosa + ¢ cos (a+ B)+ 5c” cos (a + 28) 
+... co then S is 70. 


(a) sin + ¢ sin (a+ B) + 5c? sin (+ 28) 
(b) sin o.~ ¢ sin (a+ B) + 2c sin (a+ 28) 


+ ..., 00 


(c) sin. + ¢ cos (0+ B) + 5c” cos (a + 28) 


Te pa 22. 


(d) None 


If C+ iS= tan! (c cos 8 + ic sin 6) then c is 


i) tan=2 [2 cos (b) 1 tan72 (2 cos 
2 


1+ ¢? 14 <* 
(c) tan?{—22| (a) None 
l+c 
If tant a = tan! (n+ 1) - tan“! y then 
1+ n(n+ 1) 


y is equal to 


(a)n (b) n*® ~~ (c) n+1 (d) n+ 2 


If |c|<1 then the sum of inifnite series 

ian 1 czei2o 
2 

(a) log (1 — ce”) 


1 : ‘ 
ce +a c2ei8% 4 wis 


(b) log (1+ ce!) 
(c) log (ce) 
(d) log (e') 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


(BN 2 fay ae ea ee Sal iby | 6. 
ey ee enees | ey aes |e ay |, 
(b,c) 22. (b) 23. (b) 24 (c) 25. (b) 26. 
(by || 325|| (by | 830) (elo | sau || (e) |) 352 tb) || 36: 
(c) 42. (b) 43. (b) 44. (b) 45. (b) 46. 
(by 52) (ial 531/46) es4e| (a) iSSs tall || e56, 
(a) | 62.1/(b)||63.-| th) 6a4|/(b), || 65.)| te) || 66: 


(b) Te | (6) 8. (a) ©} ((o) | aes | (a) 
(ay) | az | (eh) | a3 | (lo) | ale | (lo) | 205 | (a) 
(a) | 27 | (le) | 24 | (lo) | 226 | (la) | Si | (a) 
(el) | 2c.) (lo) | FEL) (el) | EEL | (i) | 41 (© 
(CN 47-8 la) 485) (be 4959 ab) 508 eb) 
(al) | Sz} (@) | EEL) (©) | Seb] (@) | Gh} (@) 
(a) 67. (a) 68. (b) 69. (a) 70. (b) 
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HINTS AND SOLUTIONS 


2: (a) Given series sin on sin on cos on 
2m 4n 6m 2nt = 11 . cos pH u 1 
S=sin + sin + sin +....4+ sin —— . 1 11 2 sc. 
n n n n sin — sin — 
11 11 
where, first angle = 2x common difference = 2n f 5t . 10m 
a n sin 2-—— sin —— 
1 1 
9 _?+. HE 11 
and last angle = pated 2 gin 2 iq 2 
n 11 11 
2n ) 
mee sin («-*) Sie 
au f 3 2m | 2nt “1 1 1 1 
S= sin 2 mn 2 2 
sin — sin — 
(=) 1 ii 
sin 3 _ 1 
2 
sin 1 2m + 2nn 
; ou 2n 6. Let S be the sum of the series 
sin — 
n We know that, cos 2a=1- 2 sin? a 
= 0,as sin n = Oand sin ™ # Obecause n> 2 : Pe ee 
= i sin eae tees) 
option (a) is true. 
“ an Be Similarly, sin” (« + 24) = 2 — cos & + an)! 
5. (b) C= cos — + cos + cos n 2 n 
11 11 ! A 1 
" 7m, On sin? («+ At) a feos (20+ 5)! 
cos —— + cos — 
11 11 ” 7 
Here, we find that, angles of given cosines series are and $0 on ...... 
in A.P. where, e S=F (+141...) 
First angle = ae common difference = am 1 4 8 
11 11 5 {eos 20+ cos (20+ 34 cos (2a+ st). 
On 2 n n 
Last angle = —,andn=5 
11 sin 4n 
1 ‘On -14 
*. The required sum is ==. 2. cos [2a . af) 
2 2 sin 4n L 2 J 
, (" x common eens | on 
sin 5 
C= i = 
._ (common difference aM eT de I 20 s, an 
sin nn 2 2 gin 4n [ 2 n | 
2n 
first angle + last angle 
x 008 | 3 9 Ss | =" as sin 2n =0 
2 
_ 5 20 nm , On O00 
sin —- + 
= 2°11 oo, Jil 11 
2 


Allahabad State University, Examination-2019 
Paper-I Algebra and Trigonometry 


[Time : 2 Hours] 


Note: 
1. 


Ris: 

(a) Reflexive (b) Symmetric 

(d) None of these 

If Rc AxB and ScBxC be two relations, 
then (SoR)"} = 


(a) Stor 


(c) Transitive 


(b) SoR 


(c) Ros (d) RoS 

If R be a relation from a set Ato a set B, then: 
(a) R=AUB (b) R=ANB 

(c) RCBXxA (d) RC AxB 


Let R be a relation on N defined by x + 2y =8. 
The domain of R is : 


(a) {1, 2, 3, 4} (b) {2, 4, 6, 8} 


(c) {2, 4, 8} (d) {2, 4, 6} 
Which of the following is correct : 

(a) 5=2(mod7) (b) 8=3 (mod 7) 
(c) 16 =2(mod 7) (d) 7 =2(mod 7) 
If (a, b) =1, then (a? + b?) = 

(a) 2 (b) 1 

(c) 3 (d) 0 

If axb = b in group G, then x = 

(a) bo? (b) ab? 
(eh@* (d) bta} 


If H, and Hg are two subgroups of G, then 
following is also a subgroup of G: 


(a) Hy V0 He (b) Hy UH2g 

(c) HjHe (d) None of these 

The order of the group Sq (Symmetric group) is : 
(b) 12 

(d) 20 


12. 


15. 


16. 


17. 


[Maximum Marks : 50] 


All questions are compulsory. This question paper consists of 80 objective type questions. 
If R be arelation on ase AsuchhaR =R~!, then 10. 


Every group of prime order is : 
(b) Abelian 
(d) Normal group 


(a) Cyclic 
(c) Sub-group 
The product of (1245) (32154) is : 
(a) 15 (b) 23 
(c) 341 (d) 1531 


If Gis a group, for a € G, N(a) is the normalizer of 
a, then Vx € N(a): 
(a) xa=ax (b) xa=e 
(c) ax =e (d) xa # ax 

If G={1, -1} is a group, then order of -1 is: 
(a) One (b) Two 

(c) Zero (d) None of these 


The Cardinality of centre of 219 is : 


(a) 1 (b) 2 

(c) 12 (d) 3 

gcd (56, 72) is : 

(a) 2 (b) 4 

(c) 6 (d) 8 

One of the solution of the Equation 
15x = 6 (mod 21) is: 

(a) 6 (b) 5 

(c) 7 (d) 8 


If a and b be two relatively co-prime numbers, 
then gcd(a, b) is : 

(a) 1 (b) a 

(c) b (d) a,b 


If p is a prime integer and if a, b are any integers 
such that P/ab : 


(a) Either P/a or P/b 
(c) PxaandP xb 


(b) P/aand P/b 
(d) None of these 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


A cycle of length two is called : 
(b) Remainder 
(d) None of these 


(a) Transposition 
(c) Non-abelian 


If e, and es are two identity elements of a group 
G, then: 
(a) ey =e (b) e, #e5 

(c) e, =cey forsomec (d) eg = ce, for some c 
The inverse of an odd permutation is : 

(a) Even permutation 

(b) Odd permutation 

(c) Even or odd permutation 

(d) None of these 


If a=1234, then a’ is: 
(a) 13 
(c) (13) (24) 


(b) 24 
(d) (23) (31) 


If Gis a finite group and H is a normal subgroup 
of G, then O(G/H) is : 


(a) O(HYO(G) (b) O(G/O(A) 

(c) O(G). O(F) (d) O(G) + (OH) 

The number of generators for a cyclic group G of 
order 8 is : 

(a) 2 (b) 3 

(c) 4 (d) 8 

Every group of prime order is : 

(a) Non-abelian (b) Cyclic 

(c) Field (d) Ring 


The number of non-isomorphic group of order 6 
is: 


(a) 2 (b) 6 
(c) 3 (d) 1 
The index of Ag in Py is: 

(a) 12 (b) 2 
(c) 24 (d) 6 


The generators of multiplicative group {I,w, w-} 


are : 
(a) 1 andw (b) wand w 
(c) 1 and w (d) None of these 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


The number of generators in group 
({1, 2,3, 4, 5, 6}, X7) are : 

(a) 5 (b) 4 

(c) 3 (d) 2 

In a group if ab = aor ba=a, then: 

(a) a=e (b) a? =e 

(c) b=e (d) b’ =e 


Every sybgroup of an abelian groups : 
(a) Abelian Subgroup 
(b) Simple Subgroup 
(c) Quotient Subgroup 
(d) Normal Subgroup 
Z 


The number of subgroups of ——~ is : 
48Z 

(a) 2 (b) 8 

(c) 24 (d) 10 


A homorphism of a group into itself is called : 
(a) Epimorphism (b) Automorphism 
(c) Endomorphism (d) Monomorphism 


If f is an isomorphism from a group Ginto a group 
G’ with kernel K, then : 


(a) K=G (bl) K=G’ 

(c) K = tet (d) None of these 

The number of homomorphism from Zg to Z9 
are : 

(a) 4 (b) 20 

(c) 6 (d) None of these 

A homomorphic image of a abelian group is : 
(a) Non-abelian (b) Simple 

(c) Normal (d) Abelian 


“Every finite group G is isomorphic to a 
permutation group.” This statement is : 


(a) Cayley’s Theorem 

(b) Lagrange’s Theorem 
(c) Euler’s Theorem 
( 


d) None of these 
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38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


Which of the following is not example of field : 
(a) Q (b) R 

(c) C (d) Z 

If I is an ideal in Ring R, then : 

(b) R+TJisaring 
(d) None of these 
The number of ideals in a field is : 

(a) 0 (b) 1 

(c) 2 (d) 3 


A commutative ring with unit element having no 


(a) RI is a ring 
(c) R/l isa ring 


zero divisors in called : 
(a) Field 


(c) Division ring 


(b) Integral domain 

(d) Ideal 

The number of prime ideals of 240 is : 

(a) 0 (b) 1 

(c) 3 (d) 2 

The homomorphism 9 of ring R into R’ is an 
isomorphism iff the kernal K(6) is : 

(a) K(o)=R (b) K(o) =P’ 

(c) K(o) =0 (d) None of these 

A field having no proper subfield is called : 

(a) Prime field 

(c) Integral domain 


(b) Division ring 

(d) None of these 

The integral domain of which cardinality is not 
possible : 

(a) 5 (b) 6 

(c) 7 (d) 8 

Let R be aring and S be any ideal of R, then zero 
element of R/S is : 


(a) R (b) R+8S 

(c) S (d) None of these 
The characteristic of the ring of even integer is : 
(a) 0 (b) 1 

(c) 2 (d) 3 


The characteristic of the ring Z» x Z, is : 
(b) 3 
(d) 8 


49. 


50. 


ol. 


52. 


53. 


55. 


56. 


57. 


58. 


Which of the following is not a field : 


Zz Z 
) OF 
Z Z 
Oo ir 


A ring (R + .) is said to have zero divisor if : 
a) abe Rab=0> a#0orb#0 

b) abe Rab=0=> a¥O0andbz0 

c) a, be R.ab=0> a=Oorb=0 


( 
( 
( 
(d) abe R,ab=O0> a=Oandb=0 


If cos(x + iy) = A+ iB, then Ais equal to : 
(a) cosx coshy (b) sinx sinhy 
(c) —sinx sinhy (d) cosx sinhy 
cosh! x is equal to : 
(a) -i cos (ix) (b) i cos (ix) 
(c) cos (ix) (d) -i cos! x 


sinh (1) is equal to : 


(a) 0 (b) log(1 + V2) 
(c) log(1 — V2) (d) None of these 
If cosec = x = cothy, then tan x is equal to : 
(a) coshy (b) tanhy 

(c) sinhy (d) cosech y 

il is equal to : 

(a) etl (b) etl2 

(c) e” (d) e® 


The general value of log(-3) is : 
(b) log3 — (2n+ 1) ni 
(d) log3 - 2nni 


(a) log3 + (2n+ 1) mi 
(c) log3 + 2nni 
If log(x — iy) = A+ iB, where Aand Bare real, then: 


(a) A= ; log(x? — y?) (b) A=log(x? + y?) 


(c) A= ; log(x? + y”) (d) A=log(x? — y?) 


logx is equal to : 
(b) logx + 2n ni 
(d) None of these 


(a) logx 


(c) logx — 2n ti 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


If tant a = tan~1(2n +1)- tan! y, then the 66. 
2n? 

value of vis: 
(a) n-1 (b) n+1 
(c) 2n¢+1 (d) 2n-1 67. 
eit!2 ig equal to : 
(a) i (b) -i 

1 d) -1 
(c) . (d) 68. 
If A+ iB= = “ where Aand B are real numbers, 

+ 4i 

then B is equal to : 

1 1 

2 2 
Cc) — d) =— 
(c) : (d) ; 
The smallest positive integer n for which 70 

. n : 
cag =lis: 
1-i 

(a) 1 (b) 2 
(c) 3 (d) 4 71. 
For any complex number z, arg(z) + arg(z) is equal 
to: 
(a) nt (b) —nt 72. 
(c) 2nt (d) -2nn 
The multiplicative inverse of 2 + 3i is : 
ia 2-2 boa 

& 5 oo 
y 2-3 a) 243! 

13 13 13 13 73. 


The polar form of —-1-i is: 


(a) V2 (cosF +i int) 


(b) J2 cos i sin 7) 


V2 ( cos?” +i sin 7 
4 


( 
) V2 (cos -i sin) 74, 
nee 


The value 1+ w" + w2” where nis not a multiple of 
38 

(a) 1 (b) 2 

(c) 3 (d) 0 

If a subset H of a group Gis a subgroup, then : 
(a)a,be H>abeH (b) aeHsaeH 

(c) a,be Hab €H (d) None of these 

In the group G = {1, 3,7, 9}, under multiplication 
modulo 10, the inverse of 7 is : 

(a) 3 
(c) 9 


In a group Gif a* = afor some ae G, then : 


(a) a=e (b) a=a? 


(c) Gis abelian (d) None of these 

If G is an abelian group, then for all a,beG 
-bl*a!* b* ais equal to : 

(a) a*b (b) e 

(pat ee (d) None of these 

If A= {1, 2, 3}, then a relation R = {2, 3} on Ais: 
(a) Reflexive only (b) Symmetric only 
(c) Transitive only (d) None of these 


If a,b,c be non-zero integers, then which of the 
following is incorrect? 


ve? Panen® (b) If - jen 
bc Cc ca 
(c) tf? then 2 (d) None of these 
a b 
If a,b,c ez, then which of the following is 
incorrect? 
(a) a=a(mod n) 
(b) ac = bc (mod n) then a = b (mod n) 
(c) a= b(mod n) >b=a(mod n) 
( 


d) None of the above 
If|z|=|z—1], then: 
(a) Re (z) =1 
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79: 


76. 


77. 


If 


4+ 3i 


3- 4i 


4 
b) 2 


(c) 1 


=x + iy, then Xis equal to : 
y 


(d) 0 


78. 


sin (logi~') is equal to : 


If gcd (a, b) = 1, then gcd (a+ ba" —ab+ b2)is: 7% 


(a) lor2 (b) 1 or3 (c) 2 (d) 3 


If Nis normal subgroup of Gand H is a subgroup of 
G, then : 


80. 


a) NH isa subgroup of G 
b) NH is anormal subgroup of G 
c) Neither (a) nor (b) 


( 
( 
( 
(d) None of the above 


(a) 1 (b) -1 

(c) 0 (d) None of these 

How many subgroups of any group one of prime 
order? 

(a) 0 (b) 1 

(c) 2 (d) 3 


In the ring {(0,1,2,3,4),+5, x5)}, the additive 


inverse of 2 is : 
(a) 1 
(c) 2 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


11. 


UO] 2 PIO] & Pte] 4 PIG] & [ier] G: 


(1245) (32154) 22. 


(l 2.4. 5°3\(3-2 
“\2 451 3)\l2 1 


1 
i) 
-(; 245 AGE Ale s}ee23 
1345 2 3 2)\4 5 
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[e_] B.Sc. Objective Mathematics (Algebra and Trigonometry) 


29. 


32. 


59. 


62. 


63. 


64. 


65. 


GaGP Fe 2 Sy. 
G25.2 5.5 5 oy 
Hence 3 and 5 are generator of G 


By Lagrange’s theorem 

OG) , 
i.e, 

O(H) 


? 


divisor of 48 are 1, 2, 3, 4, 6, 8, 12, 16, 24, 48 


are the possible subgroup of zg. 


tan u Jem] 7 |= tan 7 | 
2x? 4x? ii way = if 


a tan! 7 = tan! 
14+ (2x -1)(2x +1 


(2x + 1) - (2x — 1) 
1+ (2x + 1) (2x - 1) 


= tan! {2x + 1} — tan 1(2x — 1) 


eae? _ 2 


=i 
1+i-i-i2 2 


Arg (z) + Arg (Z) = Arg (zz) = Arg (x + y*) = 2nn 


1 2-31 2-31 2 3. 
x = = 1 


2+3i 2-31 44+9 13 13 
-1-i=r(cos@ + i sin6) 
=>rcos0=—-1,rsind=-1 


Sr’ = 2,r=~2, tand=1,0= tan~!(1) 


68. 


79. 


80. 


il i= V2 (cost +i sin] 
4 4 


Moi. 38. 7 9 
Tiel felae oer eee. 
cae ome: ee ee) 
7 i Ors 
Oo eon seal 


the inverse of 7 is 3 
1 


If|z|=|z-1|>2x =l>x 


4+3i 3+ 4i _12+ 161+ 9-12 


=O+i=x+y 


3-41 34+ 4i 9+ 16 


sin (logi~) = sin (i logi) = sin (i log(® + i)) 


=sin}i ue 1l+i tan*(<) 
2 0 

= sin z= sin( $= 11 
2 2 


~|O t 2 § 4 
@O)/@O@ Lf 42 3 @ 
Ly} il 2 3 @ 
ma) eB 3 a (0) il 
a/3 @ © It 2 
4 4 0 1 2 3 


Additive inverse of 2 is 3 


O00 
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Note : All questions are compulsory. This question paper consists of 80 objective type questions. 


1. The set of natural number is : 
(a) A ring 
(c) A field 

2. Every field F is ; 


(d) Nota ring 


(a) Not a commutative ring 
(b) Not a ring with unity 
(c) An integral domain 
(d) A vector space 
3. The correct fact about an ideal is : 
(a) Every ideal is a subring 
(b) Every subring is an ideal 
(c) Both (a) and (b) are correct 
(d) Neither (a) nor (b) is correct 
4. Every Cauchy sequence is : 
(b) Divergent 


(d) Unbounded 


(a) Convergent 


(c) Oscillatory 
1 


5. The value of lim nn is: 
n—- co 
1 
(a) e (b) = 
e 
(c) 0 (d) 1 
6. Timectest tees +—+...is 
2 3 4 n 


(a) Convergent 
(b) Semiconvergent 
(c) Divergent 
(d) Semidivergent 
7. The period of the hyperbolic function is : 
(a) Real (b) Imaginary 


(c) Complex (d) None of these 


(b) An integral domain 


8. 


10. 


11. 


12. 


13. 


The sequence <s,, >, where s, = ae has 

the limit : 

(a) 3 (b) 1 

1 

c)-= d) 5 

(c) 3 (d) 
2 n+3 

The sequence <s, >, where s, = (2 + 4 i 
n 


converges to the limit : 
(a) e (b) e? 
(c) e+3 (dj 2748 


The value of the limit 


noon 


1 i 1 
lim [ 22 +33 4 al equal to : 


(a) 1 (b) 0 

(c) 2 (d) 3 

The algebraic structure ({0, 1, 2, 3}, +4, xq) isa: 
(a) Ring (b) Field 


(d) None of these 
Which of the following is true : 


(c) Integral domain 


(a) A ring is an integral domain 

(b) A ring is a field 

(c) Every integral domain is a field 
(d) Every field is an integral domain 


The ring 2 x 2matrices with elements as integers, 
is a ring with unity. Its unity element is the matrix : 


‘4 00 
(a) I: 7 (b) k 4 
1 0 01 
(c) b Hl (d) i 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


The ring 2 x 2matrices with elements as integers, 22. 


is a ring with unity. The zero element of the ring is 


0 0 
of 


the matrix : 


11 
(a) : | 
to 
(c) lo ql 


1 0 


If H is a normal subgroup of a group G, then 24 


which one is true : 
(a) Hx=H:xeG 
(c) Hx =xH:xeG 


(ob) Hx #xH:xeG 
(d) xH*-14H:xeG 


If Gis a finite group and H is a normal subgroup, 


then of 5] is : a 
H 
(a) O(G) (b) O(H) 
(c) oe) (d) None of these 20. 
O(H) 
The index of Aq in Py is : 
(a) 4 (b) 3 at 
(c) 2 (d) 1 
If H is anormal subgroup of group G, then which 
Af 28. 
of the following is true : 
(a) Hx=H:VxeG 
(b) xHx 1=H:VxeG 
(c) xH #Hx:VxeG 
(d) xHx 1 #H:VxeG 
The number of generators of the cyclic group 
({1, 2, 3, 4, 5, 6}, x7) is: 
(a) 1 (b) 2 
(c) 3 (d) 4 29. 
The degree of the permutations the set 
S =(1, 2, 3,4, 5, 6) is: 
(a) 2 (b) 4 
(c) 6 (d) 8 
The number of even permutations on a set 30. 
S =(1, 2, 3,4, 5) is: 
(a) 120 (b) 90 
(c) 60 (d) 30 


1 23. 
a 


The inverse of an elementao b=a+b+abis: 


(a) — (b) -a 
a 
(c) 244 (a) = 
a a+l 
Every cyclic group is : 
(a) Simple (b) Normal 
(c) Abelian (d) Ring 


The centre z of a group Gis: 

(a) Subgroup of G 

(b) Normal subgroup of G 

(c) Cyclic group 

(d) None of the above 

The multiplicative group G = {1, -1,i, —i} is : 


(a) Non-abelian (b) Non-cyclic 
(c) Abelian (d) None of these 
The value of log (1) is : 
(a) -i (b) mi 
(c) —1i (d) i 
The value of cosiz is : 
(a) icoshz (b) cosh z 
(c) icosz (d) cosz 
Which is the expansion of cosh z ? 
2 4 6 
Gis ee e.., 
2! 4! 6! 
2 4 6 
(bj te a eee, 
2! 4! 6! 
2 4 6 
(G24 
2 4 6 
2 4 6 
(a) t= 4 ag 
2 4 6 
ogee cree 4 8, 39 
The value of ! i ia is 
1+i 
1 
1 b) = 
(a) (b) 5 
1l+i 1-i 
d) == 
(c) 5 (d) 5 
Real part of (1 — cos@ + 2i sin 9)! is : 
1 1 
(a) ——_—__ (b) 
3 -—5cos® 5 —cos® 
(c) — (d) None of these 


5 -—3cos0 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Fourth roots of unity are : 
(a) +1,+2 (o) +1,+i 


(c) 0, 1, w, 07 (d) None of these 


The value of cosh? z + sinh? zis: 


(a) 0 (b) 1 
(c) cosh 2z (d) sinh 2z 
The value of e® + ™ is : 
(ay 2" (b) €® 
(c) e® (d) -e® 
The value of tan 0 is : 
cio _ 28 gil < g8 
eT b) = 7 
(a) 5 (b) ai 
i9__-i0 i0 , ,-i0 
P - e i (d) glee il 
ile’ +e”) (e" -e") 


The value of sin lu + iv) is : 
(a) nw + sin (u + iv) 

(b) nx + (-1)" sin1(u + iv) 
(c) 2nn + sin (u + iv) 

(d) 2nn + (-1)" sin*(u + iv) 


The value of tanh! x is : 


(a) itan tix (b) -i tanlix 
—a (a) tan“? L 
itan ~ix x 


The value of log(—x) is : 
(a) —logx (b) —logx + in 
(c) logx —in (d) logx + in 


The value of log(1 + é®) is : 


(a) loa{2sin 5] +o (b) loa{2sin 3)- 

(c) log{ 2cos 5 So (d) loa{ 2cos 5 - 

The value of Tis: 

Hae 2 ee54 itia=245 5 
3 5 7 Bb 7 

(c) -1+ fateh a None of these 
3.5 7 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


The value of 5 tan? -Ftan*6 + = tan®0 - 


is : 
(b) secé 
(d) cosé 


The relation of conjugacy on the set of groups is : 


(a) logsec® 

(c) logcos® 

(a) Reflexive only (b) Symmetric only 
(c) Transitive only (d) Equivalence 

If f:G—G’ is homomorphism, then f is an 
isomorphism iff : 

(a) ker (f) = (b) ker (f) = fe} 

(c) ker (f)=G (d) ker (f) = G’ 

If f: G G’ is homomorphism an e and e’ be 
identity of Gand G’ , then : 

(a) fle) =e (b) fle’) =e’ 

(c) fle) =e’ (d) fle’)=e 

“The order of each subgroup of a finite group is 
divisor of order of the group” Above is statement 
of : 

(a) Lagrange’s theorem 

(b) Euler’s theorem 

(c) Fermat's theorem 

(d) Cayley’s theorem 

If <u, > is a monotonic increasing bounded 
sequence, then : 

(a) <u, >is divergent 

(b) <u, >is convergent 

(c) <u, >is not absolutely convergent 

(d) None of the above 


The sequence ST TRAE TTT ius 


converges to : 


(a) 2 J29 b) 1= 30 
2 2 
(c) d ae (d) None of these 


The value of a! is : 

(a) e2"" [cos(log, a) —isin(log, a)] 
(b) e 2" [cos(log, a) + i sin(log, a)] 
(c) e 2" [sin(log, a) —i cos(log, a)] 
( 


d) en [sin(log, a) + i cos(log, a)] 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


1 


The value of lim ak Diet sx 20)" is : 
n—- co n 
e 
(a) e (b) ri 
() 4 (a) + 
e e 
The order of [0] is (260, + ) is : 
(a) 1 (b) 12 
(c) 15 (d) 20 
In a Group G, o(a)=30, aeG, then order of 
o(a?8) is: 
(a) 0 (b) 6 
(c) 5 (d) None of these 


The additive inverse of the element 3 of the ring 
[{0, 1, 2, 3, 4), +5, x5} is : 


(a) 1 (b) 2 
(c) 3 (d) 4 
The genrators of the multiplicative group 
(1, @, w°) are : 
(a) Landa (b) 1 and w” 
(c) @ and w (d) None of these 
The value of lim joan is : 
noo n 
(a) 0 (b) 1 
(c) -1 (d) © 


The value of sinh! zis : 


(a) log(z+1+27)  (b) log(z + 1-2”) 
(c) log(z + /z2-1) —(d) log(z —/1 + 2”) 


If sin(x + iy) = p + iq, then the value of pis : 
(a) sin x cosy (b) sinh x cosy 


(c) sinh x cosh y (d) sin x cosh y 


The value of tan71 


Lx 
(a) tan7 x (b) tans 
(c) pian) 2x di tant 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 
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The length of the permutation f = (5 05 i) 
is : 
(a) 2 (b) 4 
(c) 5 (d) 3 
Additive identity of group of integers I is : 
(a) 0 (b) 1 
(c) 2 (d) 3 
Value of sinh? zis : 
(a) 1+ cosh 2z (b) 1-—cosh 2z 
(c) cosh 2z -1 (d) 1+ sinh 2z 
The order of the element 1 of the group (0, 1, 2, 
3, 4, +5) is : 
(a) 1 (b) 3 
(c) 5 (d) 7 


The total number of properties in an abelian 
group is : 


(a) 2 (b) 3 
(c) 4 (d) 5 
The order of the multiplicative group {1, «, w*} is: 
(a) 1 (b) 2 
(c) 3 (d) 4 
The minimum number of elements in a field is : 
(a) 1 (b) 2 
(c) 3 (d) 4 


If the series Xu,, of positive terms is convergent, 
then asn— ©: 
(a) u,> © (b) u, > a finite value 


(d) None of these 


If (I, *) is a group, where | is set of integers and * is 
defined as m*n=m+4+n+1,Vm,nel, then 


(c) u, > 0 


inverse of element 5 is : 


(a) -5 (b) = 


5 
(c) 7 (d) -7 
If (I, *) is a group, where I is set of integers and * is 
defined as m*n=m+n+10, Vm,nel, then 
identity element of this group is : 
(a) -10 (b) O 
(c) 10 (d) 20 
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67. The order of element 3 in the group (d) R is a commutative ring with unity without 
{(0,1, 2,3, 4, 5), +e} is : zero divisors 
(a) 1 (b) 2 75. If “a” be the non-zero element of an integral 
(c) 3 (d) 4 domain D such that o(a) =n, then nis : 
68. If Gis a finite group of order n, then VaeG, (a) Even number (b) Odd number 
which of the following is true : (c) Rational number  (d) Prime number 
n_ n_ 
ia) a ae 76. The infinite series = = is convergent, if : 
(c) a” =a" (d) a®=a"! n 
=i b 1 
69. A group of order 4 cannot have subgroup of ie)P i : a 
Agices (c) p> (d) p2 
(a) 1 (b) 2 77. The series “en is divergent by root sa if : 
is es (a) lim uJ" <1 — (b) lim (u,)" >1 
70. An isomorphism f : R — R is called : naire sy iy 
(a) Automorphism (b) Endomorphism : dt : 7 
n= n= 
(c) Epimorphism (d) Monomorphism (c) Rca = id) aes (Un) 
3 14 2 1 
71. Thei f tati is : = 
One eee ree é 4 i ©" 78. The value of lim (n+ 1)" is: 
n> © 
3 41 2 123 4 
b 1 
laos) (3 ta) (a) e (6) = 
1324 2.4: 1 3 
23) - 1a 14 3 2 11101 
79. The series 1 + wis: 
72. If Gis a group of order 100 with identity 1 and 23 4 5 
aéG, then 200 ig ; a) Divergent 


(c) a (d) 200 c) Absolutely convergent 


73. fH and K are two normal subgroups of a group 
G, then H x1 K is also a normal subgroup of : 80. Theseries > [.\n* +1 —nlis: 
n=1 
(a) H (b) K 
(c) G (d) None of these 


( 
74. Aring R is an integral domain, if : ( 
( 
( 


( 

(a) 1 (b) 2 (b) Convergent 
( 
( 


d) Semiconvergent 


a) Convergent 

b) Divergent 

c) Absolutely convergent 
d) Oscillatory 


(a) R is a ring without zero divisors 
(b) R is a ring with unity 


(c) R is a commutative ring 
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MULTIPLE CHOICE QUESTIONS 


dey (cd) fem (c) (eee (a) feeee (a) eee (cd) Beem (c) fee! (a) eee (dc) ee (>) em @) 
qa) (b) fem) (a) (ae (c) ae () Eee (c) Gem (c) ze (a) Mee (>) fase b) om 
aiea (c) 22am (cd) \e2sem| (c) \e24ae| (b)) Mez5em| (c) \ezeum| (c) |e27m| (b) [e2gm| (a) fezom! (c) eom! (a) 
31. (b) 32. (c) 33. (a) 34 (c) 35. (b) 36. (b) 37. (d) 38 (c) 39. (b) 40. (a) 
41. (d) 42. (b) 43. (c) 44 (a) 45. (b) 46. (d) 47. (b) 48 (c) 49. (a) 50. (d) 
51. (b) 52. (c) 53. (a) 54 (a) 55. (c) 56. (d) 57. (b) 58% (a) 59% (c) 60. (a) 
61. (d) 62. (c) 63. (b) 64 (c) 65. (d) 66. (a) 67. (b) 68 (a) 69%. (c) 70. (a) 


iim (a) e722) (a) fezoem (Cc)! fee) (d)) zoom) (cd) zeae) (c)) Mize) (bo) ez8am) (a) zoe) (bb)! som | (b) 


HINTS AND SOLUTIONS 


10. s, =n? than by cauchy’s first theorem 26.  log(-1+ Oi) = Jog tt + 0) + itan’ (=) 
2 -1 
lim (sj + So + + Sn) _4 
n—- n =O-in=-in 
536,37, 81:9 3 _4_; . 
; pe 9 Ltt ti t+iti _i-1l-i+l+i 
or lim =1 1l+i 1l+i 
n-> co n 
i plein 
19. G={1,2,3,45, 6} x, 14+i 1-i 2 2 
1 2 3 4 _ er 
3 =3,3° =2,3° =63° =4 30. RP= 1 ‘ (1 — cos) + 2isin®) 
5 6 (1—cos@) - 2isin@ (1-cos6) + 2isinO 
3 = 5.0 1 
1-—cos@+ 2isind _ 1-cos@ + 2isin®@ 
similarly is relative prime to 6 (1+ cos6)” +4sin?6@ 1+ cos?0 + 2cos0 + 4sin26 
Hence, there are two generator 3, 5 i-eeeie Bene 
21. Total number of permutation in S = {1, 2, 3, 4 5} is 2+ 2cos0 + 3sin70 
5! = 120 and half are even and half are odd i.e., 60 ap 1—cos0 
22. aoe=a+e+ ae, But aoce=a _ 21 + cos) + 3x 4 sin? @/2cos76/2 
at+e+ae=a _ 2sin76/2 
By inverse e(1+ a)=0 >e=Ooraz#-1 4cos”6/ 2+ 12sin?@/2cos*@/ 2 


. 1 
= inverse 


b = 0, b+ ab=0,b=- = 
= ca ° 1+4 2Qcot2@/2+ 6cos?0/ 2 
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33. 


38. 


48. 


oi. 


==e€ 


log(1 + 2°) = log(1 + cos® + isin 8) 


= 5 log{(1 + cos@)* + sin” 0) +i tnt 


=e 


my 


1 
= —log(2(1 
5 loalal 


cos6) 4 i? 
2 


= log(2 cos / 2) +15 


cos 1 + isin 1) 


1+ cosé 


Pwo NY KF OO 


BP WoO NY FH CO OO 


Co FPF WwW NY YF 


= ©O F£ © NWN WNW 


wo - O&O FF WD & 


Gow oe & 1s 


65. 


66. 


67. 


69. 


ey OL eae? son 
Oo) oOo @ @ @ 
Wel) te i 
27) (Oe 1 ts 
Se Ouse oo? 
EON ge ee 


The inverse of 3 is 2. 
By difinition of identity 
m*e=m 
m+e+l=m,e=-1 
By inverse m *n=e 


mt+n+1l=-1 


mt+n=-2 
n=-2-m 
m=-5 


n=-—7 is inverse of 5 
By identity a*e=a 


> a+e+10=a 


=> e=-10 
31=3 

37 =3 46 3=0 

= 0(3) =2 


A group of order 4 can not has subgroup of order 
3 used Lagrange theorem. 
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Paper-I Algebra and Trigonometry 


[Time : 2 Hours] 


[Maximum Marks : 65] 


Note : All questions are compulsory. This question paper consists of 100 objective type questions. 


L. 


The range of the sequence <n >is: 
(a) IN (Set of natural numbers) 

(b) Zl (Set of integer numbers) 

(c) Q (Set of rational numbers) 

(d) IR (Set of real numbers) 


Which of the following is not a bounded 


(b) () 


a (2) 


sequence : 


(a) ((-1)") 
(c) (5) 
2 
Limit of the sequence (0 + 2) is : 
n 


(a) e° (b) et 
(c) et (d) e* 


Which of the following is convergent sequence : 
(0) (n) 
(d) ((-1)") 
1 
The sequence ( + *| has : 
n 


(a) No limit point 

(b) One limit point 

(c) Two limit points 

(d) Infinitely many limit point 


Which of the following is not a monotonic 


(b) (*) 


(d) ((-1)") 


sequence : 


(a) (n”) 


(c) (1) 


7. 


8. 


10. 


11. 


12. 


Which of the following statement is not correct in 
IR: 

(a) Every convergent sequence is bounded 

(b) Every bounded sequence is convergent 

(c) Every Cauchy sequence is bounded 

(d) Every convergent sequence is Cauchy 

The sequence (x,,), where xy =1, x41 =/3xp, 
converges to : 


(a)O — (b) 1 (c) V3 (d) 3 
Vl, ol/2 , 33, 4 yin 

lim “* = 

n> co n 

(a) O = (b) -1 (c) 1 (d) © 

The sequence (x,,) where 

_ ol 1 Goan ih 1 

nl?) (n+22 7 (nn? 

converges to : 

(a) 0 (b)1 (cde (d) . 


The statement of Bolzano-Weierstrass theorem 
for sequence is : 
(a) Every bounded sequence has a limit point 
(b) Every monotonic sequence has a limit point 
(c) Every convergent sequence has a limit point 
(d) Evry Cauchy sequence has a limit point 
If lim u, =0 then the series x Up is : 

n—- n=1 
(b) Divergent 
(d) None of these 


(a) Convergent 
(c) Oscillatory 
1 


The series yr : 
n=1 n(n+1) 


(a) Converges to 0 (b) Converges to 1 


(c) Converges to 2 (d) Converges to 3 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


The series = : <F is : 22. 
(a) Convergent 
(b) Absolutely convergent 23 
(c) Conditionally convergent 
(d) Divergent 
Thesdive eee wis 24. 
2! 3! 4! 
(a) Convergent (b) Divergent 
(c) Oscillatory (d) None of these 
co (cyt? 
The series is conditionally 25. 
n=1_ pnP 
convergent, if : 
(a) O<p<l (b) O<p<l 
(c) OS p<1 (d) p>1 
26. 
Which of the following series is not convergent : 
(a) = sin= (b) = sin 
n=1 n=1 n 
(c) yr sin La (d) 5 sin” z 27 
n=1 n! n=1 n . 
If Zu, is positive term series such that 
lim [> log un =" then the series converges 
nee Un+1 
28. 
for: 
(a) 1<1 (b) 1<1 
(c) 1>1 (d) O<I<1 


Which of the following test is used for the 29. 


alternating series : 
(a) Ratio test 
(c) Raabe’s test 


(b) Root test 
(d) Leibnitz test 


. 1.4 : 30. 
Thesenes ars es ( 
(a) Convergent 
(b) Absolutely convergent 
(c) Both 
( 31. 


d) None of the above 
About the algebraic system (Z, -), which is not true : 
(a) It is a groupoid (b) It is a semi group 


(c) It is a monoid (d) It is a group 


Which of the following is not a group : 
(a) ({1, -1},) (b) ({1, w, w7},) 


(c) ({1,-1,i, -i},-) (d) ({1, 2 3},) 

In the group ({1, 2, 3, 4}, xs), the inverse of 3 is : 
(a) 1 (b) 2 

(c) 3 (d) 4 

The order of element 1 of the group 
({0, 1, 2, 3}, +4) is : 

(a) 1 (b) 2 

(c) 3 (d) 4 


Let G be a group and aeG If o(a) = 20, then 
o(a*) is : 

(a) 5 (b) 12 

(c) 15 (d) 20 

Which of the following is not a sub group of 
group (ZI, +) : 


(a) (2Z1, +) (b) (3Z], +) 

(c) (2Z] U 32], +) (d) (2ZI A 3ZI, +) 

The number of subgroups of group 
({1, -1,i, -i},-) is: 

(a) 1 (b) 2 

(c) 3 (d) 4 

If H is a subgroup of G, then : 

(a) H* =H (b) H? =H 

(c) H* =H (d) H=H™} 


If U, ={x €IN:x <n and gcd (x,n)=1} then 
order of group (U2919, X2019) : 

(a) 1 (b) 2 

(c) 3 (d) None of these 

In a group (G, *), the equation a * x = b, has the 
unique solution, then x : 

(a) a*b (b) a* bt 

(c) a} *b (dia es 


A group of order less than six is : 
(a) Not necessarily abelian 

(b) Not abelian 

(c) Abelian 

(d) None of the above 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


The identity element of group (Q*,*) where 41. 
_ab 
~ =: 
(a) 0 (b) 1 (c) 2 (d) 3 


Which of the following statement is false : 


a*b ,Va,beQ?, is: 


(a) (IN, +) is a monoid 42. 
(b) (ZI, +) is monoid 

(c) (Q, +) is a monoid 

(d) (IR, +) is a monoid 

If Gis abelian group then which is correct option : 

(a) (ab)? = ab? 43. 
(b) (ab) t =a-4p} 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are not correct 


44. 
The centre of a group ({1, —1},:) is: 
(a) (empty set) (b) {1} only 
(c) {-1} only (d) {1,-1} 
If N(a) is normalizer of a in group G and Z(G) is 
centre of group G, then : 45. 
(a) ZiG)= U Na (b) ZiG= a Nia) 
aeG é ae - 
(c) Z(G) -( U Nal (d) Z(G) -( a Nai 
aeG aeG 
46. 
If H be subgroup of a finite group Gof ordern and 
O(H) =m, then which one is true : 
(a) m divides n (b) m does not divide n 
(c) (m,n) =1 (d) None of these 
If H and K are finite subgroups of a group Gthen oe 
O(Hk) : 
(a) O(H) + O(K) — O(H a k) 
(b) O(H)- O(k) 
ic) Ol) O1K) 48. 
O(H na Kk) 
(d) None of the above 
Which of the following is not a cyclic group : 49 
(a) ({1,w,w*},) (b) ({1,-1,i,-i},) 
(c) (ZI, +) (d) (Q, +) 


The number of generators of a finite cyclic group 
of order 10 is : 
(a) 1 (b) 2 


(c) 3 (d) 4 
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If order of group Gis 13 then group Gis : 
(a) Cyclic 

(b) Abelian 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are not correct 


Let G= {al, a’, a’, ica a} be a cyclic group of 
order 10, and H = (a Then O(H) is : 


(a) 1 (b) 2 

(c) 5 (d) 10 

Let G be a cyclic group of order n, and G = (a). 
Then : 

(a) O(a)<n 
(c) O(a) =n 
The number of all subgroups of a cyclic group of 
order 30 is : 


(b) O(a) >n 
(d) None of these 


(a) 5 (b) 6 

(c) 7 (d) None of these 

The number of generators of an infinite cyclic 
group is : 

(a) 1 (b) 2 

(c) 0 (d) Infinite 


If Gis a finite group and H is a sub group of G 
then according as Lagrange’s theorem : 

(a) O(H) > O(G) (b) O(A) < O(G) 

(c) O(A) = O(G) (d) O(A)| O(G) 

The order of the group Sjq of all permutation on 
10 symbols is : 


(a) 10 (b) 2°? 
(c) 10? (d) 10! 
The inverse of the cyclic permutation (1 2 3 5 4) is: 
(a) (12354) (b) (12345) 
(c) (64321) (d) (45321) 

12 3 1 2 3 
Let -(; 1 3}2-(5 9 | be two 
elements of S3. Then : 
(a) fg =af (b) fg # af 

1 23 1 2 3 

(c) fg -(; 1 | (d) a-(; 9 | 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


The order of the cycle permutation (1 2 3 4) (5 6) 
€ Sg is: 
(a) 2 (b) 4 (c) 6 (d) 8 

k 
If (3 ; ° | =e in Sy, then the smallest 
positive integer k is : 
(a) 1 (b) 2 (c) 3 (d) 4 


The number of elements in alternating group of 
even permutations on four symbols is : 


(a) 4 (b) 6 (c) 12 (d) 24 
_ (i 3 4 5). a 
The permutation (; 34 5 4 in Ss is: 


(a) Even permutation 

(b) Odd permutation 

(c) Identity permutation 

(d) None of the above 

Which of the following symmetric group is 
non-abelian ? 

(a) S} (b) So 

(c) S3 (d) None of these 

Let H be asubgroup of a group Gand let a, b € G. 
Then which of the following is correct : 

(a) Either aH - bH = 6 or aH = bH 

(b) Either Ham Hb = 6 or Ha= Hb 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are not correct 

The number of distinct left cosets of subgroup H 
in finite group Gis : 


O(G) 
(a) OH) (b) O(H) + O(G) 
(c) O(G) - O(F) (d) O(G)- O(F) 
If 12° is divided by 7, then the remainder is : 
(a) 1 (b) 2 
(c) 3 (d) 4 


The centre Z(G) of a group Gis : 
(a) Subset of G 

(b) Subgroup of G 

(c) Normal subgroup of G 

(d) All (a), (b) and (c) are correct 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


If H is a normal subgroup of a group G and 
O(H) = 3, O(G) = 6, then the order of quotient 


group & is : 

H 
(a) 2 (b) 3 
(c) 4 (d) 6 


If (G,*) and (G’,O) are two groups, then a 

mapping f : G> G’ is homomorphism when : 

(a) f(a* b) = f(a) o f(b), Va,beG 

(b) f(aob) = f(a) * f(b), Va,beG 

(c) f(aob) = f(a) o f(b) Va,beG 

(d) f(a*b) = f(a) * f(b), Va,beG 

If f: G— G’ be ahomomorphism of groups then 

which is correct option ? 

(a) Ker f ={x €G: f(x) =e (identity element of 
G)} 

(b) Ker f ={x € G: f(x) =e’ (identity element of 
G’)} 

(c) Ker f {x € G’: f(x) =e (identity element of 
G)} 

(d) Ker f ={x €G’: f(x) =e’ (identity element of 
G’)} 

The mapping f:(Z,+)— (2Z,+) defined by 

f(x) = 2x,x eZis: 

(a) Automorphism (b) Isomorphism 

(c) Endomorphism (d) None of these 

Which of the following is not a ring ? 

(a) (IN, +,.) (b) (ZI, +, +) 

(c) (Q,+,) (d) (IR, +,-) 

In a ring (R, + , -), which of the following is correct 

option? For alla,beR: 

(a) (a+ b)? =a? +.a-b+b-a+ b? 

(b) (a+ b)-(a- b) =a? —a-b+ b-a+ b* 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are not correct 


The characteristic of a ring (Z/3, +3, x3) is : 


(a) O (b) 1 (c) 2 (d) 3 
Which of the following is a finite field ? 
(a) Zl (b) Zlg 
(c) Zl (d) Zlio 
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67.  Aring R is a boolean ring, if : 75. Which of the following statement is correct ? 
(a) x? = x,VxeER (b) x? # x,VxeR (a) Every integral domain is a field 
ie x? =1.VexeR (d) xo #1 Ve|ER (b) Every ring is an integral domain 


(c) Every ring is a field 
68. The ring of Gaussian integers (Z[i], =,-:), where 


ZI [i]={a+ib:a,beZl}is: 


(a) A field but not an integral domain 


(d) Every field is an integral domain 
76. The characteristic of an integral domain is : 


(b) An integral domain but not a field (a) Either 0 or prime number 


(c) Both field and integral domain (b) a : er pose way 
it : 
(d) Neither field nor integral domain : oe F = ne _ ie 
ither 1 or positive integer 
69. Which of the following is not correct ? 


fa) Dida cubano 27! 77. |The number of unit elements of the ring Z1 is : 


1 
(b) 2ZI is a subring of Z] i 2 
i bring of IR 
g (d) Infinite 


70. Anonempty subset S of aring R is a subring of R, 
when : 
(a) a beS, VabeS 
(b) a~beS,Va,beS 
(c) Both (a) and (b) 
(d) None of these 


71. The intersection of two ideals is : 


78. The idempotents in a ring with identity and 
without zero divisor are : 
(a) Oand2 (b) Oand 2 
(c) -l and 2 (d) None of these 

79. Which of the following statement is not correct ? 
(a) Zl is a subfield of Q 

b) Qisa subfield of IR 

c 


; ( 
‘a iaauies (c) Qisa subfield of C 
Hey Dipbanaeeal (d) IR ie asublield of C 
(c) A left ideal but not a right ideal b 
a 
(d) A right ideal but not a left ideal 80. LetMo = ( i :a, b, c,d € {0, vf Then 


72. Anon- empty subset I of a ring R is called a ideal 
of R ifa, b eI andr ER, then: 


(a) a+ belandar,rael 


non-commutative ring (Mo, +9, x2) have : 
(a) 5 elements (b) 9 elements 
(c) 11 elements (d) None of these 


(b) a~belandar,rael 


(abet etwas eel 81. Which one is not true ? 


2 Pan Bee 
(d) abelanda+bel (a) cosh” x + sinh® x =1 


2 : 2 
73. Minimum number fo elements in a field is : (b) cosh” x — sin h'x =1 


(a) 0 (b) 1 (c) 1 - tanh? x = sech?x 
(c) 2 (d) None of these (d) sinh 2x = 2sinh x cosh x 
74. For any positive integern , ZI, isa fieldifand only 82. Choose correct option : 
ifnis : oem eee 
(a) Anevennumber (b) A odd number ial an 2 py aa le 2i 
(c) Aprime number __(d) A perfect number x =x x =x 


(c) sinhx = a= (d) sin hx = a 
i 
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83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


The value of e/? is: 
(a) 1 (b) -1 
(c) -l (d) i 


Which of the following is correct ? 


(a) log(x + iy) = log(x? + y’) +itant¥ 
i 


(b) log(x + iy) = log(x? + y’) +itan7 a 


(c) log(x + iy) = ; log(x” + y’) titan 2 
x 


(d) log(x + iy) = ; log(x? + y’) +itan 7 = 


The general value of (i)! is : 


) e (Ant In/2 (b) e (ant 1)n/4 


(a 


~(2n+ 1)n/2 ~(2n+ 1)n/4 
} 2 (d) e 


(c 


The period of tan z, where z is a complex number, 


Tl T 
(a) a (b) 3 
(c) 7 (d) 2n 


Which of the following is correct ? 
(a) cosh"! x =i cos (ix) 
(b) cos! x = -i cos -(ix) 
(c) cosh! x =i cos (x) 


(d) cosh! x =-icos! x 


The real part of exp (e!) is : 
(b) e°8® . sin(cos@) 


(d) e°8® . cos(cos 6) 


(a) e©°S® . sin(sin 6) 
y ers8 


(c -cos(sin 0) 


The general value of log(—1) is : 


(a) i-2nn (b) i2nn a 


(c) i-2nnm +i: (d) None of these 


x-i, 
is : 


The value ofi log 


x 
(b) m—- tan! x 


(d) = —2tan7! x 


(a) m+ tan! x 
(c) T= 2tan7! x 


The period of sinh z, where z = x + iyis: 
(b) 2ri 
(d) 2x 


(a) Ti 
(c) 1 


92. 


93. 


94. 


95. 


96. 


tan h zis equal to : 


If sin(A + iB) = x + iy, then: 


x2 y’ 


+ 
cosh? B- sinh? B 
2 2 
i a5 + sd aes 
cosh“ B_ sinh* B 
2 2 
oe taaes! 
cosh“ B_ sinh* B 
(d) None of the above 


The Gregory’s series 
3 5 
tan 0 call + ally ... is convergent if : 
3 5 
T T 
—lr<O0< b) -—<0<— 
(a) —n T (b) 5 5 
T T Tq T 
== <6<— d) -—<@<= 
ae kaa ee 
sin x + sin(x + y) + sin(x + 2y) +... 
+ sin(x + (n — 1)y) is equal to 
sin my 
OF 2 n-1 
(a) -in(x +— »} 
sin y 2 
2 
sin "Y | 
(b) 2. cos{x +— »} 
sin bd 2 
2 
cos asi 
(c) 2 -in(x +— »} 
cos” 
2 
cos "Y 
(d) 2 cos{ x + ny] 
cos” 
2 
The yth term of the series 
E tan71 ——*~___, is equal to : 
r=1 l+r-('+1)x 


(a) tant rx — tan T(r + 1)x 
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(b) tan lr +1)x — tan! 1x 99. Value oases 
4 
(c) tan l(r + 2x — tan 1(r + 1)x 111 
1 1 (a) l+=+—=+=+.. 
(d) tan~“(r + 3)x —tan~“(r + 2)x 3 5 7 
97. The companion series of series (b) 1 oe ete Pe 
; ; ; , : 3.5 7 
sin 20 + sin 40 + sin 60 + sin 80+... is : 1111 
(a) cos20 + cos 40 + cos 60 + cos 80+... (c) o A’ 6 Be” . 
(b) 1+ cos 26 + cos 40 + cos 60 + cos 86 + 4 1111 
(c) Both (a) and (b) io ae 3°" 
( 


d) None of the above 100. Ift, = tan /(2n +1)- tan 1(2n — 1) then the sum 


98. Sum of the infinite series : oo 
of infinite series X ty is: 


ee eae ee ee er 
212 . 2 T T 
; i (a) ms (b) 4 
(a) = (b) > 
2 3 1 
: : (o) 5 (d) x 
(c) a (d) 7 
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Examination Paper 2019 En 
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10. 


13. 


14. 


HINTS AND SOLUTIONS 


(-)"}=(-11-11..) 
range is—land+ 1 


lim Z = 0= convergent. 
noon 


Y/ and lim (n)/" =1 
Then by cauchy’s first theorem on limits 


lim (= + Sot 7 ta 


n> oo n 


ll 
H 


or lim (1+ 2/2 4 343 404 nV) 
n° 
Let s, = : + z g Fat i 
(n+ 1% (n+ 2) 


For 1<m< nwe have 
(n+ 1)2<(n+ m)2<(n+ n)? 
or 1 Pa 1 Pa 1 
(n+ 12 (n+m)? ( 


but m = 1, 2,... nthen add 


n n 


23. 


48. 


Composition table 


lp i ee 
fon eck ee 
2a) 2 a eS 
eo eg sh Fe 
ee ee 


the inverse of 3 is 2 
Since order of identity is always one. 


ola) = o(G=20 3 (a) =e 


ola)? 20 _ 


H = {1, — 1} is subgroup of {1, —1,i, —i} 


a*e=a 
jae 3a = Oor ale — 3) =0 


ifa # Othene-3=Oore=3 


12354 
=(12354 = 
f= i= 3 5411 
pu(i 2354 
abcde 
fr =f fs) 
1235412354 
2354 1)la bc de 
eee a 
“(12345 
afi 235A .2 23945 
bedea)ll2345 
>b=1lc=2d=3e=5a=4 
4pi(i 2354 
41235 


=(14532) =(45321) 
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231 

123 
a=(; -) 
= fo # of 


50. euje = 2 a) 2 
23 4 1)\6 5 

123 45 6)\(1 23 45 6 

23415 6\1 23465 


ji 23.45 6) _1234(66=6 
234165 
si. = 1234 
3124 
pe 123 4/1234 
312 4)\3 124 
fl 224 
“\2 314 
p(t 2 3 4\(1 23 4 
231 4)\3 124 
afl Be Ay. 
“(1 2 2 4)” 
> k=3 
#3 iz 12345 
23451 
=(12345) 


(12)(13)(14)(15)= even 


66. 


83. 
85. 


86. 
87. 


88. 


89. 


98. 


99. 


100. 


If p is prime than I, is field with respect to additon 


and multiplication. 
= (1 2) (13) (1 4 (15) = even 
ene” =cost/2+isinn/2=O0+i=i 


ii = ef Losi = exp [jlogi + 2nzi] 


.( itv , 
= exp | i] — | + 2nnti 
L(G) | 


= exp [-(4n+ l)z/ 2] 
The period of sinz, cosz is 2m and tanz is 7. 
cosh! x = y=>x =coshy = cos(iy) 


eer pe nase | 
“iy =cos “x =>y=-—cos “x icos “x 
1 


e” (cos @+ isin @) _ 


e =e cos 8 isin 8) 


e 
= e©°§9(cos(sin6) + isin(sind) 
Log(-i) = log(-i) + 2nzi 

=i n/2+ 2nni 
Tp = tan-/(2n + 1) — tan7/(2n — 1) 
put n=1, 2,3... then add 


Sy = tan7}(2n+ 1) - tan (1) 


lim S,, = tan7+(ce) — tan71(1) 


n> 00 
=n/2-1n/4=17/4 

tan} =1 a guna 
3.5 7 

Same as Q. 98. 


O00 


